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Avery^s Natural Philosophy. 460 ^ages. By Elboy 
M. Avery, A. M. 

The book is an earnest and eminently successful attempt to present the fads 
qf the Science in a logical and comprehensible manner. The chapter espedaUy 
deooted to Energy has been prononnced, by competent and discriminating 
judges, the most satisDoctory that has yet been written. 

The chapter on Electricity has met with the warmest ezpresfllons of ap- 
proval from prominent teachers, school superintendents, and professors. The 
other chapters are equally good. 

The type is large and dear, the engravings are about four hundred in num« 
ber, and all artistically executed. The printers and the engravers have tried to 
make this book as clear cut as the statements and definitions of the author. 

A Manual of English Literature* 67 Henby Mobley, 
Professor of English Literature in University College, London. 
Thoroughly revised, with an entire rearrangement of matter, 
and with numerous retrenchments and additions, by Moses 
CoiT Tylbb, Professor of English Literature in the University 
of Michigan. 

For advanced instruction in English Literature, no book has hitherto 
existed which is now satisfactory either to teachers or students. While each 
book has its own merits, it has also defects so serious as to stand in the way 
of its complete success. 

In the ** Manual of English Literatitbb *' now published,— the joint pro- 
duction of two distinguished authors and practical teachers, one representing 
a leading university in England, and the other representing a leading univer- 
sity in America,— we believe that the book so long needed is at last to be had ; 
a book that must at once, by its o>vn merits, take the precedence of all others 
in this department, in the principal seminaries, coH^gee, and universities of 
the country. 

Professor Henry Morley, of the University of London, is one of the most 
distinguished living authorities in all matters pertaining to English literary 
history and criticism. He is fifty-seven years of age ; has written many suc- 
cessful books in general literature. 

Professor Moses Colt Tyler, though a much younger man than Professor 
Morley, has been also for many years a practical teacher of English Literature 
to advanced students in a great university ; has had a varied and successful 
career in general authorship; and especially by his elaborate "History of 
American Literature/^ has come to sustain a relation to literary history in this 
country similar to that held by Professor Morley in England. The combined 
labors of two such men ought to give us the long-needed Text-Book in Eng- 
lish Literature. 
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TEACHING GEOMETRY. 



As the text-book to which this volume is a key differs 
largely in its spirit and plan from the older geometries, it 
has been thought well that the author should offer a few 
suggestions as to the best method of using it. In doing 
this, he trusts that long experience and observation as to 
methods and results will be deemed a sufficient apology for 
the broader scope which these suggestions will be seen to 
take; i. e., suggestions as to methods of teaching the sub- 
ject, irrespective of the particular text-book used. B}' per- 
mission, the author refers to the articles on Pure Mathematics, 
and especially to the article on Geometr}^, in that teacher's 
thesaurus, " The Cyclopaedia of Education," by Kiddle and 
Schem,^ as setting forth — more at length than can be done 
in this place — the author's views on these subjects. 

As to Part I. of the Geometry. 

The first thing that will strike the teacher upon opening 
this Geometry is the introductory jwrtion of the work, called 
Part First, This part presents the principal definitions and 
facts of Plane Geometry, with ample illustrations of their 
meaning and practical nature. There is no attempt at 
demonstration. This course has been taken in obedience 
to the canon of the teacher's art which prescribes "facts 
before theories," and that the perceptive faculties must 
supply the facts upon which the logical faculty reasons. 
A large part of all the difficulty which pupils encounter in 

9 



4 TEACHING GEOMETRY. 

the study of geometry' grows out of a want of a clear and 
abiding impression of the subjects of thought and the aims 
of the science. Geometr}' is a double science ; on one 
hand it is pure logic, and on the other it is a S3'stem of 
practical truths concerning the properties of form. One 
may understand thoroughly the logic which demonstrates 
that the tangent is a mean between the secant and its 
external segment, and yet know nothing of the practical 
significance and utility of the fact. Indeed, he may not 
even apprehend the statement at all as a practical fact of 
magnitude and form. 

As this is a \ital point in teaching geometry, let us illus- 
trate it. Suppose a class of a dozen ordinary pupils have 
come in the old way to this proposition, and have learned to 
demonstrate it satisfactorily. Then let the teacher draw a 
square on the tangent, and ask who can draw an oblong of the 
same size. Not half — perhaps not one — of the class can 
do it, and many will not even know what is meant. Allow 
an illustration from the author's experience. During the 
past twenty years he has examined scores of 3'oung men, — 
candida,tes for advanced standing in college, -r who had been 
over geometry in the ordinary way. Whenever he has found 
one who showed special attainment, he has asked something 
like the following series of questions : — 

How do 3'ou find the area of a spherical triangle ? 

What is a tri-rectangular triangle? What part of the sur- 
face of a sphere ? 

What is spherical excess ? 

Can you demonstrate the truths declared ? 

In most cases the questions have been answered promptly 
and correctl}^ and one or more demonstrations have been 
given. 

A practical problem has then been given : Here is a sphere 
two feet in diameter ; that spherical triangle on its surface 
has its angles 95°, 80°, and 110°. What is its ai-ea? 
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No student of all the number has been found who could 
obtain the answer ! 

It is such reflections and such facts as these, confirmed by 
the views of such eminent educators as ex-President Hill of 
Harvard, and the concurrent sentiment of writers on peda- 
gogy-, that have given Part I. its character and form. 

That the method of giving some acquaintance with the 
practical truths of geometr}'^, before attempting to demon- 
strate them, works well in practice, has been demonstrated 
again and again. Near twenty years ago, the author was 
teaching in a school where both sexes were in his classes. 
Conic sections, taught b}*^ the old method, never failed to be 
a drudgery to the girls, and to all but a few of the bo3's. At 
length he hit upon this plan : The first few lessons were 
occupied in teaching how to draw the conic sections neatly 
and accurately ; how to draw a tangent to each ; how to find 
the centre, axes, foci, &c. In fact, all the leading properties 
were taught as facts; and the pupils were trained to draw, 
with great neatness and elegance, the figures illustrating or 
appljing them. In this way girls and all became enthusi- 
astic, and "Why is it so?" became an oft-repeated and 
eager question. After this introduction, the terror and 
drudgery of the science disappeared. The}' knew what the 
truths were, and were interested in them as facts, and had 
an eager desire to know why they were so. 

This, the author believes, will inevitabl}' be the result of 
teaching geometry' in the method proposed ; indeed, he knows 
it may be so, from the large number of testimonies he has 
received from teachers who have tned the method in the spirit 
of it. 

What, then, is the Method ? — It is pretty fully indi^ 
cated in the book itself. It would be well if Part I. were 
introduced into the course in what is usuall}^ called the 
"grammar grade" of our public schools, as soon as an 
elementary knowledge of arithmetic is secured, and before 
that subject is completed, or algebra is commenced. 
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Pupils of this age memorize readily, and are fond of draw- 
ing. *' The elements of geometry are much easier to learn, 
and are of more value when learned, than advanced arith- 
metic; and, if a boy is to leave school with merely a 
grammar-school education, he would be better prepared for 
the active duties of life with a little arithmetic and some 
geometr}^ than with more arithmetic and no geometry." — 
Marks. "It will be found that children of this age are 
quicker at comprehending first lessons in geometry than 
those of fifteen. The child's powers of sensation are de- 
veloped before his powers of conception, and these before 
his reasoning powers. This is, therefore, the true order of 
education ; and a powerful logical drill, like mental arith- 
metic, is sadly out of place in the hands of a child whose 
powers of observation and conception have, as yet, received 
no training whatever." — Ex-President Hill of Harvard. 

That something of this kind is needed in our lower schools, 
is apparent in the tendency to introduce lessons on form, 
drawing, &c. But why not make these lessons such as to 
lay a good foundation for subsequent study? Let Part I. 
occupy about half of the third year of this grade, and it will 
be found to be pursued with delight, and will greatly facili- 
tate the subsequent study of geometry. But, if the study of 
this part is not introduced here, it should not be omitted or 
slighted when the study of geometry proper is commenced 
a few 3'ears later. A high-school or preparatory class com- 
mencing the study of geometry at the ordinary age will save 
time, and also secure a more intelligent interest in the sub- 
ject, by spending six weeks on this part. 

The points to be secured are : — 

1. To learn, thoroughly and intelligently^ all the definitions. 

These should be committed to memory, and repeated until 
they can be recalled without conscious effort ; great pains 
being taken that the exact language of the text is used, 
unless the teacher substitutes other language for reason. 
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Of course we do not mean that this shall be a mere memori- 
ter exercise. The greatest pains should be taken to secure 
a thorough understanding of the technical terms, and of the 
language of the definitions. For this purpose the illustra- 
tions in the text will afford helps to the pupil and hints to 
the teacher. 

A pupil should always be able, not only to recite the defi- 
nition readily and accurately, but also tfi illustrate its mean- 
ing in the manner of the book, in his own language, and by 
a figure, when that is possible. 

Clearness of perception, and readiness and accuracy of ex- 
pression, is the motto in doing this work. 

2. The second line of effort should be to train the pupil 
to solve every problem with neatness and despatch. Much 
practice in drawing smooth lines in ink, with a ruling-pen, 
will be necessary in order that the pupils shall be able to exe- 
cute the figures properly. 

An excellent plan is to have each pupil make a portfolio 
of drawings with the utmost care on separate sheets of draw- 
ing-paper. This should contain every exercise of Part I. 
A portfolio of separate sheets is better than a book in which 
the pages are fastened, since no drawings need be put into 
it till they are satisfactory. A little care at the outset will 
make this a most pleasing and profitable course of study. 

In this part of the work, never allow a pupil to rest satis- 
fied with being able to tell how a thing is to be done, but 
require that he actually" do it with ruler and dividers. These 
two instruments, with a ruling-pen, are the sole ones needed, 
or which should be allowed in this work. 

When working in class, on the blackboard, a string will 
take the place of dividers. Never allow a pupil to guess at 
a construction, at this stage of his course. If a line is said 
to be perpendicular to another, let it be made so on geomet- 
rical principles. If an angle is said to be bisected, let the 
geometrical construction be made. 



8 TEACHING GEOMETRY. 

This punctilio in doing all on correct principles will secure 
several very important results : 1st, It will fix permanently' 
in mind all the working facts of plane geometiy. 2d, It 
will train the eye to the perception of form. After a course 
of training like this, a pupil when making a freehand draw- 
ing (as is sometimes allowable and even desirable) , in subse- 
quent work, will not make an angle of 80° for a right angle, 
or draw any sort of a triangle when his problem requires an 
equilateral triangle. His trained geometric sense will not 
allow this. 3d, This habit of seeing the import of geometri- 
cal language will give a clearness of apprehension, and a 
knowledge of relations, which will be of vast importance in 
subsequent work. 4th, It will give him the geometrical spirit^ 
i.e., the instinct, if we may so call it, that leads him to in- 
vestigate by constructions, and by scrutinizing relations as 
they appear in geometrical figures. 

As to Part II. 

The first thing that will strike one here is the division of the 
subject into chapters and sections, instead of books, as has 
been the prevailing custom since the time of Euclid (about 
300 or 400 B.C). The author's reasons for this are the 
same as have led writers on most other subjects to abandon 
the ancient method of division into books, for the modern one 
of division into chapters and sections. These are, mainly, 
two : viz., first, the word " book " has become nearl}- obsolete 
in the former sense ; and, second, the division into chapters, 
and the subdivision into sections, furnishes a better oppor- 
tunity for an analysis of the subject. Elementar}' geometry 
is naturally divided by its subject-matter into plane and 
solid; i. e., into the treatment of forms and magnitudes 
confined to one plane, and of those not so restricted. We 
thus need, at the outset, a more comprehensive division than 
the old " book,*' in order to mark the natural division of the 
subject. Again, these parts need subdividing, in oixler to 
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ail}' proper anal3^sis of the subject-matter. In fact, the old 
arrangement gave us the anomal}' of the most perfect of the 
sciences presented without any logical analysis of its subject- 
matter. The great natural division into plane and solid was 
not indicated in any way. Such later editors as have marked 
this division have found no term by which to designate the 
pails. Furthennore, the subject-matter of most of the books 
was utterly heterogeneous. Observe Book I., of Legendre. 
What is its subject? No one can tell. Indeed, it has no 
single theme. It treats of the relative position of two lines, 
of triangles, of quadrilaterals, and of quite incongruous prop- 
erties of these forms. On the other hand, this volume claims 
to present a thoroughl}' logical and scientific analjsis of the 
subject-matter of geometr3\ There is no section without 
a clearly defined subject, and the order of aiTangement of 
sections is as logical as the division of the general subject 
which gives rise to them. 

The analysis of the subject-matter of geometr}', in accord- 
ance with which this treatise is written, is based upon the 
following considerations : — 

1 . The concepts of plane geometry are the straight line^ 
the circumference of the circle, and the angle, 

2. The two fundamental inquiries are concerning magni- 
tude and form, — the latter of which results from position. 

The straight line — being the simplest and most funda- 
mental concept — must be examined first. But shall our 
inquiry be with reference to magnitude, or with reference 
to position, — which is the basis of form ? As to magnitude, 
there are two ways of measuring a line, — the direct and the 
indirect. The direct measurement is effected by applying 
one line to another, and is so elementary as not to be the 
subject of scientific investigation. The indirect, as the 
determining of one of the sides of a triangle, when three 
other paits are known, or the circumference of a circle from 
the radius, though a subject for scientific investigation, is not 
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a fundamental inquiry, but a remote result. Hence our 
inquiiy will not be as to magnitude. But the relative posi- 
tion of right lines is an important fundamental inquiry : 
indeed, it lies at the foundation of all geometrical inquiry. 
Here, then, we have the first theme, — Tlie relative position 
of two straight lines. 

As subdivisions, we shall, of course, have (a) Perpen- 
dicularity^ (b) Obliquity, (c) Parallelism. Here we have 
the beginning of a system based upon a logical uiialysis of 
the subject-matter. 

A similar line of inquiry as to the straight line in connec- 
tion with the circumference of the circle, leads us to the 
general theme, Tlie Relative Position of a Straight Line and 
a Circumference. Hence we have the fundamental doctrine 
of chords, secants, and tangents. 

From these considerations we pass in the same line of 
thought to the section on The Relative Position of Two 
Circumferences . 

We thus reach the angle. Here the line of inquiry' changes. 
The relative position of angles is not an important theme ; 
but the relative magnitude of angles is most important, and 
is fhndamental. Moreover, we do not usually measure angles 
directly, but indirectl}', b}' means of arcs. Hence we have 
our next theme. The Measurement of Angles. 

Having now examined the fundamental concepts, we are 
prepared to investigate the properties of figures which result 
from their combination. As the parts of a polygon are the 
sides and angles, the firet inquir}^ will naturally be concerning 
those, separately, and in relation to each other. This gives 
us a section of TJie Angles of Polygons, and the Relations 
between the Angles and Sides, 

Passing from the consideration of the parts of a single 
figure, we come naturally' to the comparison of figures. 
There are three lines of comparison usually embraced in 
elementary geometry ; viz., Equality, Equivalency, and Simi- 
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larity (to these might be added isoperimetry, maxima and 
minima, synfmetry, &c.). Thus we conclude the analj'sis of 
plane geometry, with sections on equality, equivalency, and 
similarit3\ 

We have here a simple and natural outline of the subject, 
which should be fixed in the mind of the student as he goes 
over it. It assigns each proposition to its proper place, for 
an evident and sufficient reason, and presents a comprehensive 
view of the whole subject. 

HOW TO MAKE REFERENCES. 

But does not this breaking-up of the subject into short 
sections make reference difficult? Yes, if we are to make 
our references in the meaningless way of other daj's, b}'^ 
book and number of proposition. But if we make our 
reference, when demonstrating, by quoting the principle 
referred to, either in full or by definite allusion, it will 
facilitate reference. To illustrate : in demonstrating that 
triangles which are mutually equiangular are similar (335), 
we ma}' say, in the old method, " Now, by Book IV., Prop. 
12, CD'E' and D'E'A are to each other as their bases ; " or, 
by the method proposed, we may say, " Now, since triangles 
which have equal altitudes are to each other as their bases, 
we have," &c. This is an example of a full quotation. 
The text-book affords an example of a specific allusion. 
The number of the article — in this case (324) — as given 
in the text is not to be given in oral demonstration. This 
is simpl}' for the student's use in studying. Such a S3'stem 
of reference as this will inevitably render the truths of 
geometr}', and their statement, perfectly familiar to the 
student. In short, "Book IV., Prop. 12," ma}' or may not 
mean something b}' association; but it says nothing. 

THE NOTATION. 

Some have thought that the}*^ could prevent memorizing by 
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using figares on the diagrams instead of letters (see next 
topic) . To this there are three very serious objections : 
first, it is grossly inelegant ; second, it is not the notation of 
the science ; and, third, it does no good. A student who is 
so disposed can memorize as well (perhaps better) the fonn 
of the figure as he can the letters used. It will be found, 
that, in the parrot-like learning referred to, it is more gener- 
all}'- the form of the figure that is fixed in memory, than the 
letters by which the parts are designated ; and neither the 
slovenly st3'le, "line this," "line that," &c., sometimes 
heard, nor the use of figures, will at all tend to break up the 
evil of memorizing. Therefore use the letters. Thej'^ are 
the notation of the science. Indeed, it is legitimate, some- 
times to use with rigid accuracy the same letters as are 
used in the book, although this is not well in the earlier paii; 
of the course. But, as we advance into tlie higher depart- 
ments of the subject, the notation becomes an essential part 
of the science, without rigid adherence to which it would be 
impossible to carry on our investigation. In all cases, a 
neat, compact, easily read, and expressive notation is a very 
important part of mathematical science. 

EXERCISES. 

It is a singular fact, and one bj' no means creditable to 
our teaching, that hitherto no text-book on geometry has 
been popular, in this country, which embraced practical 
problems as an essential part of the treatment. In all our 
books which have shared largely the popular favor, such 
problems have been wholly wanting, or the arrangement has 
been such that they did not form an essential part of the 
treatment, and hence could be "skipped." It has been a 
leading purpose of the author in constructing this book, to 
make the practical exercises as much a part of the treatment, 
as are the examples or problems in arithmetic and algebra. 
There is no more reason why the student should study geom- 
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etiy as a discussion of abstract propositions, than there is 
for his studying arithmetic or algebra in this manner. It 
would be no more absurd to put into the hands of a pupil, 
as a text-book on arithmetic, a treatise which gave, in the 
subject of fractions, the definitions, the propositions on 
which the operations are founded, and their demonstrations, 
and the rules with their demonstrations, — without practical 
examples, — than to put into his hands a geometry which 
treated the subject of perpendiculars, parallels, equality", 
&c., without such practical exercises. He would obtain 
about as much knowledge of arithmetic from the former, as 
he would of geometry from the latter. 

But there is still another point with reference to these 
exercises that needs our careful attention. In the study of 
the elements of the subject, these exercises should be such as 
will bring out the meaning and practical utility of the ab- 
stract proposition discussed, and not added abstract proix>si- 
tions for the pupil to demonstrate for himself. To the latter 
class of exercises there are two very grave objections : first, 
the average pupil, at this stage of his course, has no ability 
to do this kind of work ; and, second, it is not the thing he 
needs if he could do it. What he needs is exercises which 
will make him feel that geometry is a science which has to do 
with common affairs ; that it is not a sj^stem of mist}- ab- 
stractions in an imaginary world. It is not more abstraction 
that he needs, but the abstract discussions made real by 
applications to practical problems. 

This character of exercises is even more important in the 
earlier part of the course than in the later. It gives real 
significance to the abstract and often otherwise meaningless 
discussions, fixes the principle in mind, and develops a spirit 
and style of thought which is invaluable in the subsequent 
course, and which once established will never be lost. Fur- 
thermore, experience proves that numerical applications are 
essential to a full and satisfactory apprehension of geomet- 
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rical facts. A pupil may be able to find a mean proportional 
between two lines given geometrieallj^ and be quite at fault 
if they are given arithmetically, and especial^ if the prob- 
lem is a little indirect, as "To represent geometrically the 
square root of 7." 

Now, this is b}' no means all theory, nor a discovery for 
which the author claims a copj^right. It is the spirit, and, 
in essential particulars, the method which is universally used 
in the German schools, and which some of our best teachers 
of geometry'' have been using for a generation in this coun- 
try. What the author hopes to accomplish by constructing 
a text-book on this plan, is to help to make this s^'stem of 
teaching as generally prevalent in this country as it is in 
Germany. 

METHODS OF CONDUCTING RECrTATIONS, OR DRILL-EXERCISES, 

IN PART II. 

The definitions and theorems should be repeated with 
perfect accuracy until the facts and the words are so firmly 
fixed in mind that the}' can be recalled as we recall the 
alphabet or the multiplication- table. In order to this it 
will (a) be best to have them quoted in full in the demon- 
stration ; {b) another ver}' useful exercise for this purpose 
is to spend a part of each recitation with questions like the 
following : — 

An inscribed angle — how measured ? 

A tangent and secant — relation of? 

Arcs intercepted by chords? 

Parallels cut b}* secant — the equal angles? the supple- 
mentary angles? &c. 

These, it will be seen, are mere hints in the form of ques- 
tions, which give no clew to the answer. The response 
should generally be in the exact terms of the theorem stating 
the answer. So also, in assigning subjects for recitation, the 
teacher should not enunciate the proposition, but by some 
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such half-questions as the above, and the following, suggest 
the topic : — 

The relation between the h3'potenuse and the sides of a 
right-angled triangle? 

The relative position of two circles when the distance 
between the centres is less than the sum and greater than 
the difference of the radii? 

The sum of the angles of a triangle ? 

The relation between the angles and the sides of a tri- 
angle? &c. 

In this manner the teacher should alwaj^s designate the 
proposition without stating it. The statement is one of 
the most important things for the pupil to learn, and have at 
perfect command, and hence should not be given him hy 
the teacher. 

Demonstrations should not be memorized b}'^ the pupil ; 
and considerable latitude may be allowed in the use of lan- 
guage, provided the argument is brought out clear!}'. But 
errors in grammar, and inelegancies in style, should be care- 
fully guarded against. One of the chief benefits to be 
derived from class-room drill in mathematics is the ability 
to think clearl}' and logicall}', and to express the thought in 
concise, perspicuous, and elegant language. 

Generally the topic should be assigned the pupil in the 
manner indicated above, before he leaves his seat, or while 
he is standing at the blackboard ; after which he should be 
required to construct the figure necessarj' for the demonstra- 
tion without helps from any source. 

It is quite desirable that the pupil stand at the board when 
he demonstrates, and trace the diagram as he goes through 
with the demonstration. In this way full demonstrations 
should be given. 

The giving of synopses of demonstrations is a more diffi- 
cult exercise, but is a verj'^ important one. A sj-nopsis 
should simply name in order the conclusions reached by the 
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various steps in the argument, without giving the reasons for 
them. Thus, suppose the theorem to be (214) of the text- 
book. After stating the theorem, the pupil will say, " This 
is proved by drawing a chord from the intersection of one 
of the secants with the circumference, parallel to the other 
secant. The angle thus formed is equal to the given angle, 
and is measured by half an arc which is the difference be- 
tween the two arcs intercepted by the secants." Advanced 
pupils should be trained to give, without diagrams, sj'nopscs 
of all the propositions ; and the practice should be persisted 
in until such synopses become perfectly familiar. But the 
pupil should never confound a synopsis with a full demon- 
stration. When he professes to give the latter, his language 
should be exact, and the argument brought out in every 
point. This is the drill in logic. The drill on sjmopses is 
calculated to fix in mind the steps of the argument so that 
the demonstration can be reproduced. The sj'nopsis is what 
one should remember, and not the details of the demonstra- 
tion. Hence the importance of a great amount of drill in 
giving sj'nopses. For lack of this, pupils who do very sat- 
isfactory work in class lose all ability to reproduce the dem- 
onstrations soon after leaving the study. 

" Make haste slowly " in going through Part II. Do not 
neglect the exercises. There are not half as many exercises 
in the text as any thorough teacher will require for the illus- 
tration and application of the subject. By this is not meant 
that, in first going over this part, many new theorems will 
be given for original demonstration ; but many exercises 
illustrating and appl3'ing the theorems of the text. The 
pupil should be put in perfect possession of the essential 
working principles of the science, (a) by such familiarity 
with theorems, corollaries, &c., as will enable him to give 
instantl}^ the statement in an}'- case, in response to such allu- 
sions as are given above ; (6) by thorough acquaintance 
with the demonstrations ; (c) by synopses repeated till they 
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can be recalled without eflfbrt ; and (d) by snch exercises as 
are described above illustrating every proposition, and giving 
it a concrete, practical significance. 

RECAPITULATION. 

Let us in conclusion recapitulate the leading features of 
the plan. 

1. Introduce the definitions and leading facts of plane 
geometr}' early in the school course, as earlj', at least, as the 
middle of the grammar-school grade. 

2. Make no attempt at teaching the systematic logic of 
geometry, at this stage. 

3. Fix firmly in mind the fundamental definitions of the 
science, in exact language^ and illustrate them so fully that 
the terms cannot be used in the hearing of the pupil, or by 
him, without bringing before his mind, without conscious 
effort^ the geometrical conception. 

4. By numerous and varied applications of the fundamen- 
tal principles of plane geometry to the most familiar and 
homely things in common life, divest the pupil's mind of the 
impression that he is studying "higher mathematics*' (as 
he is not) , and beget in him the habit of seeing the applica- 
tions and illustraitons of these principles everywhere about 
him. 

5. B}' means of much experience in the elements of geo- 
metrical drawing, train the taste to enjoy, the eye to per- 
ceive, and the hand to execute, geometrical forms, and by so 
doing fix indelibly in the mind the "working facts" of 
geometry. 

6. Passing to Part II., having, in the method described 
above, familiarized the pupil with the concepts and princi- 
pal truths of the science, and thus prepared the way for the 
exercise of the logical faculty upon these notions, enter 
uix>n the specific work of training this faculty, or of devel- 
oping in the pupil's mind the logical aspect of the science, 
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not, however, forgetting the mechanical aspect, nor failing to 
keep in mind the fact that the abstract Ic^cal conceptions 
will be gieatlj helped by clear conceptions of the concrete, 
or practical applications. 

7. Have all definitions, theorems, corollaries, &c., memo- 
rized with perfect exactitude, and repeated till they can be 
given without effort. Demonstrations should not be memo- 
rized, but should be given with fulness, and logical and 
grammatical accuracy. 

8. The teacher should never give a theorem or corollary 
in proper form, but should suggest the topic (see above), or 
state the problem which calls for the theorem.* 

9. The construction of the figure is a necessar}' part of 
the demonstration, and no assistance should be given the 
pupil, nor aids allowed. 

10. All figures m plane geometry should, upon first going 
over the subject, be constructed by the pupils with strict 
accuracy, on coirect geometrical principles, using ruler and 
string ; and this should be persisted in until it can be done 
with ease. In reviews^ free-hand drawing of figures may be 
allowed, and is even desirable. 

11. The ordinar}' notation by letters should be used. 

12. All the exercises in the book should be worked with 
care in the study, and in the class, and be carefully explained 
1)}' the pupil ; and as many additional, impromptu exercises 
as may be found necessary in order to render the pupil famil- 
iar with the practical import of the propositions. 

13. Little, if any, original demonstration of theorems not 
in the book should be required of the pupil upon first going' 
over plane geometry. In review, more or less of such work 
ma}' be required. 

14. Great pains should be taken that original demonstra- 

» Tbim, ♦• To ascertain the relative areas of two similar triangles,'* the pupil will 
suy, '* Similar triangles are to each other as the squares described on their homolo- 
gous sides." 
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tions be given in good, workmanlike form. For this pur- 
pose, they should be written out with care by the pupil. 
Indeed, it is an excellent occasional exercise, to have demon- 
strations^ written out in full in class. 

15. In review, much attention should be given to synopses 
of demonstrations. They are the main reliance for fixing in 
memory the line of argument by which a proposition is 
demonstrated. 
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[Note. — The full-faced figures in connection with the number of 
the page refer to the Articles in the Geometry. The numbers at the 
left hand, or above the Example, refer to the particular Example. 
Figures in the Greometry are denoted Fio. 37, etc. ; Figures in the 
Key, Fig. 37a, etc.] 



SURFACES. 

Page 6, 21 

1. An egg. 

3. A conical surface. 

4. Yes. No. Curved. 

5. No. No. Curved. 

6. Definition of a Plane Surface. 

7. Definitions of Plane and Cui-ved Surfaces. 

8. By moving in the direction of its length. 
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1. A sphere. 

2. A cylinder. 

3. A cone. 

5. A cylinder, 
circle itself. 



A SOLID. 
Page 9, 27. 



The circumference of the circle. The 



EXTENSION AND FORM, 

Page 10, 31. 

1. A point. 

2. A line. A point. 

3. A surface. A line. A point. 

4. A spherical surface. 



PART L 



ABOUT STRAIGHT LINES. 
Page 12, 83. 

finches 



K 



h 



S.16 inches 



I.SB inches 



.86 in. 



Fig. I a. 



■i 



5. See first line, Fig. la. 

6. See second line. 

7. See third line. 

8. See fourth line. 

9. Length, 8.02 inches i width, 5.4 ; diagonal, 9.65. 
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Pages 13, 14, 34, 35. 


m 


1. See (1.), Fig. la. 




2 and 3. See (2.) 




and (3.). 




1. See (4.), Fig. 2a. 




2. See (5.). 




3. See (6.). 9 





4. See (7.). J 
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Page 14, 36. 

1. Applying AB to CD, I have a remainder aD; apply- 
ing a D twice to A B, I have a remainder b B j applying this 
to ao] 1 have a remainder cD} and, applying this to &B, 
I have a remainder dB, which is contained in cD twice. 
By adding the parts it is easily seen that A B : C D :: 13 : 18. 

2. Applying CD to I K, I have a remainder a K 5 apply- 
ing a K to C D, I find it contained five times. .-. c D : I K :: 
6 : 6. 
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3. Applying EF to OH, I find it contained twice. .•. EF : 

OH :: 1 : 2. 

' ' 4. Applying E F twice 

G' ' iH to CD, I have a re- 

^ mainder aDj applying 

this twice to EF, I have 
^' ir~*T ' "^ a remainder 6f, which 

is contained in A D twice. 
By adding the parts, we see that EF : CD :: 5 : 12. 



Page 15, 39. 

1. No. 

2. No. Nearer B. 

3. Yes. Fig. 20 shows how. 

Page 17, 42. 

1 . Through all points which lie in the same direction from 
A as B lies. No. 

2. Once. ■ 

3. Yes. 

4. By driving out of the line joining the two places for a 
part of the distance, and then turning the horse around with 
his head awa}'^ from Detroit. In either, or both. By driving 
on any cui^ved line, which is always concave towards the 
line AD. A straight line. 

Page 18, 44. 

1. Toward C. An oblique line. Acute. Obtuse. Right. 

2. Toward B. An oblique line. Obtuse. Acute. Right. 

Page 19, 44. 

1. After having determined B and C as before, draw two 
marks to intersect at a point D above XY, and join OD, 
producing it to meet X Y at A. 
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2. Let him apply his pole at O, and notice where it 
touches the wall C D, first on one side, and then on the other, 
of the proposed cross-wall. Let him, by means of his pole, 
find the middle point of the line joining these points. This 
will be the point required. 

ABOUT CIRCLES. 

Page 20, 54. 

1. A circle. A circumference. A circumference. An 
arc. The radius. 

2. A circumference. The radius. A circle. 

3. A circumference. The radius. The radius. An arc. 

4. A circumference. No. The circle is the surface en- 
closed. A line. 

5. In two. In two. 

6. One cuts the circle, is a secant; the other just touches 
it, is a tangent. 

7. A tangent. 

8. The one 30 feet long. 

9. Yes. No. One within the other. They would just 
touch externally. One would be wholly without the other. 

10. A tangent. 

11. No. More. 

Page 22, 56. 

1. Draw a circle with radius two inches, and then apply 
the radius as a chord six times, exactly as in Fig. 31. 

2. Draw a circle with radius one inch ; apply the radius 
as a chord six times, and join the alternate angles of the 
resulting hexagon. 

Page 24, 58. 

3. Let A, B, and c, be three points in the arc ; then pro- 
ceed exactly as in Fig. 33. 
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Page 24, 59. 

1. 4 X 3.1416 = 12.5664. 

2. 7 X 3.1416 = 21.9912. 21.9912 + 9 = 31 in. nearly. 

^ 288 X 5280 ar\/%r-c% Ckiy i 

3. -z — _ . . . . — 80672.27 nearly. 



4. 



6x3.1416 
140 X 33 



= 3.676+- 



2 X 200 X 3.1416 
5. 1. J. J. The whole circumference. 



ABOUT ANGLES. 
Page 26, 61. 

1. Let O be the acute angle, c the obtuse; ab and cd 
their measuring arcs. Applying a& to cd, I find it con- 




Fig. 5 a. 



tained twice, with a remainder fd; applying this to a6, 1 find 
it contained four times. .*. a6 : cd :: 4 : 9 ; or, angle C is 
2^ times angle O. 

2. Let O and C be the angles, ab and cd their measur- 
ing arcs. Applying a & to cd three times, I find a remain- 



J 
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der ed ; applying this twice to a&, I find no remainder. 
.*. a& : cc2 :: 2 : 7 ; or, angle C is 3^ times angle O. 





8. Let O be the given 

acute angle, ah any meas- 

_. ^ - uring arc. From A as a 

centre, with a radius Oa, 

strike an indefinite arc, and on it lay ofT cd equal to three 

times ah. Join d and A. Then will angle cAd, or A, be 

three times O. 
.4. Let A be the acute, O the right angle, cd and ah their 

measuring arcs . Applying c d 

to a&, I find a ifemainder eh ; 

applying this to cd, I find a 

remainder fd ; applying this 

to e&, I find a remainder gh; 

and applying this to/d, I find 

it contained twice. ••. cdi 

a& :: 5 : 8 ; or, angle O is If 

times angle A. 

5. From the vertex of the 

angle as a centre, with any 

convenient radius, strike an 

arc intersecting the sides of 

the angle. Draw an indefi- 
nite straight line ; at one ex- 
tremity as a centre, with a radius equal to the one just used, 

strike an indefinite arc, and on this lay off from the line an arc 




28 



KEY TO ELEMENTAEY GEOMETRY. 



equal to the arc measuring the given angle. Joining the point 
thus determined with the centre, we have the angle required. 

6. By constructing a right angle, it will be found that a is 
contained in it five times, in b twice, and in c three times. 
.•. a = ^, & = 1^, and c = |^ = .6 of a right angle. 

7. By constructing a right angle, it will be found that this 
right angle is contained in a once, with a remainder which is 
itself contained in the right angle three times. .*. a = l^ 
times a right angle. 

Applying a right angle to &, we shall find a remainder which 
is itself contained in the right angle twice. .*. b=H times 
a right angle. 

8. This example is exactly the same as the first part of 
the 7th. 

9. Appljdng this angle to a right angle, we find a remain- 
der which is itself contained in the given angle twice. .*. the 
given angle is f of a right angle. 

Page 27, 63. 

1. All equal. Each measured by ^ of A B. 

2. All equal. Each measured by ^ of a ^emi-circumfer- 
ence. J of a circumference. 

3. A semi-circumference. If c be an acute angle, we have 
more than a semi-circumference ; if c be obtuse, we have less. 

5. Each angle is measured by J of f , or ^ of a circum- 
ference. 

Page 28, 64. 

1. Acute. Obtuse. Right. 

2. Let O be the point in 

O A, and A O B, B O C, C O E, 
EOF, FOO, the angles at 
O. Draw O D perpendicular 
toAOatO. DOAandDOO 
are both right angles, and 
Fis< a, hence their sum is two right 
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angles. But their sum is the same as the sum of the angles 

AOB, BOC, COE, EOF, and FOO. 

Page 29, 65. 
1. Let BAC be the right angle. Lay off from A, equal 
distances, Ah and Ac. From b and c as centres, with any 
convenient radius, strike arcs intersecting at d. Then will 
Ad bisect the angle. 



cy< 





Fls« I I a* 

2. Inscribe the equilateral triangle in the circle by (65), 
and bisect the angle A as in solution of Example 1. 

3. E D B is a right angle, being measured by ^ of f of a 
circumference. FDB is f of a right angle. .*. EDF, the 
difference, is ^ of a right angle. 

Page 30, 70. 

1. By seeing how far it is straight across the farm at 
various points. 

2. No. 

3. 8. 4. Yes. When the line is perpendicular to the 
two parallels. When the line is oblique to them. 

ABOUT TRIANGLES. 

Page 3lj 74. 

1. One right angle. 

2. No. Nothing, or zero. 
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8. No. 

4. That the sum of the angles of a triangle is two right 
angles. 

5. No. Otherwise the sums would not be equal to two 

right angles. 

Page 33, 75. 

1. The greatest. The least. 

2. 3. 4. 5. 6. No. 

7. The}^ are unequal, and the greater is opposite the 
greater angle. 

Page 34, 78. 




Flir* *9€k. 



1. All in one place. 

2. In different places. 



ABOUT EQUAL FIGURES. 



Page 35, 82. 
1. No. Yes. Yes. No. 




ifest in Fig. 14 a. 



2. No. Yes. The 
triangles ABC and 
A'B'C are right- 
angled, isosceles, 
^ and equal. Their 
construction is man- 
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Page 37, 85. 

1. On DF. BA. No. On the outer side. No. 

2. No. At F. CB. Without. 

3. [The angles C and E are assumed equal.] Yes. Put- 
ting D on A| let DE take the direction AC. Now, as DE=: 
AC, E will fall at C. As angle E = angle C, EF will take 
the direction C B ; and, since E F = C B, P will fall at B. 
Hence the triangles coincide. No. Yes. Putting F on A, 
let FE take the direction AC- Since FE = AC, E will fall 
at C. Now, as angle E = angle C, E D will take the direction 
C B ; and, since E D = C B, D will fall at B. No. The angle 
E being greater than angle A, if E F and A C coincide, E D will 
fall without AB. 

5. Putting C on H, let CD take the direction HO. Since 
C D = H O, D will fall at O. As angle D = angle O, D A will 
take the direction O F j and, since D A = O F, A will fall at F. 
Now, as angle A = angle F, A B will take the direction F E j 
and, since A B = F E, B will fall at E. 

6. Yes. Let ABC and D E F be the equilateral triangles. 
Putting B on E, let BC take the direction ED. Since B C = 
ED, C will fall at D. As angle C wangle D, CA will take 
the direction D F i and, since C A = D F, A will fall at F. 

• 

Page 39, 86. 

2. Putting A on H, let A C take the direction HE. As 
AC = HE, C will fall at E. But, since angles C and E are 
unequal, C D and E F cannot coincide. 

3. Yes. Putting A on H, let AB take the direction HO. 
Since AB = HO, B will fall at O. Now, as angle B = angle 
O, B D will take the direction O F j and, since B D = O F, D will 
fall at F. Again, as angle A = angle H, AC will take the 
direction HE. Since ACs=HE, C will fall at E, and the 
trapeziums coincide. 
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ABOUT SIMILAR* FIGURES, ESPECIALLY 

TRIANGLES, 



Page 40, 88. 

1. No. 

2. Yes. 

3. No. 



No. 

See Fig. 15 a. 




Flft. 15 a. 



Page 41, 89. 

1. Draw c5, and through a 
a parallel to it. This parallel 
will cut off on O Y a distance 
equal to E. 

2. Draw two indefinite lines 



OX and OY. Lay off Oc equal to A, Oa equal to B, Of 
equal to C. Join c and /, and through a draw a parallel to 
c/. Od will be the fourth proportional. Draw O'X' and 




O'Y'. Lay off 0'</ equal to A, 0'&' equ^l to C, O'tf equal 
to B. Join 6' and d', and through c' draw a parallel to Vcl\ 
O'ef will be the fourth proportional. In the upper figure lay 
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off O & equal to C, and O e equal to B. Join c e, and through 
6 draw a parallel to ce. This will be found to intersect O Y 
at d. In the lower figure lay off O'a' equal to B, O'f equal 
to A. Join a'/', and through V draw a parallel to a'/', which 
will be found to cut off on O' Y' a distance nearly equal to 2 C. 

Page 42, 90. 

1. Lay off A'B' equal to 8. At A' and B' respectively, 
construct angles equal to A and B, producing their sides to 
intersect at C. Then will A' B' C be the triangle desired. 





Fig. 17 a. 



FIgi 18 a. 



3. The construction of the figure is easily seen. 1 : 2. 
1 : 2. 

4. Yes. Those opposite 5 and 15, 8 and 24, 3 and 9. 
5 'and 15, 8 and 24, 3 and 9. 

5. ADC and ACB. Homologous angles A and A, ADC 
and ACB, A C D and ABC. Homologous sides A C and A B, 
AD and AC, DC and CB. BDC and ACB. Homologous 
angles B and B, BDC and ACB, BCD and BAC. Homolo- 
gous sides BC and AB, CD and AC, DB and CB. ADC 
and BDC. Homologous angles ADC and BDC, ACD and 
D B C, CAD and D C B. Homologous sides A D and D C, D C 
and DB, AC and CB. Yes. 

6. AB : AC :: BD : CE, or 10 : 80 :: 5 : 40. 

7. No. Yes. 

8. Yes. Yes. 

9. No. Yes, Yes. 
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10. Yes. No. No. 

11. Because triangles are thus made, whose form is un- 
changeable. No. No. 

ABOUT AREAS. 
Page 46, 100. 

2. Lay off A B equal to 2 inches ; at A construct an angle 
equal to f of a right angle. Make A D ss 2 inches. From 




D and B as centres, with a radius 2 inches, strike arcs inter- 
secting at C. A B C D will be the rhombus required. 

8. Draw an indefinite line A B i 
at A draw a perpendicular, and 
lay off AD = 3. Make AB = 5. 
From B as a centre, with radius 
8, and from D as a centre, with 
radius 5, strike arcs intersecting 
at C. 

4. Construct a right angle ; bisect it ; on one side of this 
angle lay off 8, and on the other lay off 7. From the ex- 



D 


c 


^O 


A 


Fig. 20 a. 


B 



KEY TO ELEMENTAET GEOMETRY. 



85 



tremity of side 3, with radius 7, and from the extremity of 




FUK.2li». 



side 7 with radius 3, strike arcs intersecting so as to deter- 
mine the 4th vertex. 

5. None. 2. 5. 9. 20. A figure of w sides, Jn (n — 3) . 

Page 47, 104. 
Ex. The longest. The largest. 

Page 49, 108. 

1. 20 X 30 + 2 X 20 X 15 + 2 X 30 X 15 = 2,100 sq. ft. = 
233| sq. yds. 

2. The purpose of this exercise is to draw the pupils into 
a discussion which shall fix in their minds the fundamental 
principle in the doctrine of areas, viz. : That parallelograms 
of equal bases and equal altitudes are equivalent. The cor- 
rectness of the answer in the text will be seen if we consider 
that the intrinsic value of the velvet is $8 per yard. Hence 
the salesman is right "in his demand^" since the original 
form of the piece was a rectangle, and there has been a waste 
of a square (^ yd.) in cutting it "on the bias." On the 
other hand, the customer is right "in his statement ^^* which 
is, that he is getting only ^ a yard of velvet. 

3. Neither. 

4. All have the same area. 

5. The one with the vertex directly above the centre of 
the semicircle. 

6. No. Yes. 

7. Rectangle. 
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8. 12X16X10^^^^ 15X11X9^^^3^ 



12 



12 

8 X 10 X 13 
12 



= 86|. (108.) 



9. ^2ii2 = 30. No. 



10. They are equal, since the triangles have equal bases 
and the same altitude. 

PYTHAGOREAN PROPOSITION. 

Page 50, 109. 

2. Yes. 9«+ 12* = 81 + 144 = 225=15'. 

3. 8. V 10^ - 6« = VlOO - 36 = V64 = 8. 

4. VlO« - 4* = VlOO - 16 = V^84 = 9.165+ . 

5. V20' + 30* + 15» = V400 + 900 + 225 = Vi525 = 
39.05+. 

6. Yes. 

7. In the acute-angled triangle C" B =C B, but AC"* is less 
thanTre*. .-. AC^<BC^ + AB*. 

Page 52, 110. 
4. Draw an indefinite line AXj on it lay off AB = 3. At 

A erect a perpendicular, and 
on it lay off A D = 2. From 
B and D as centres, with 
radii 2 and 3 respectively, 
strike arcs intersecting at C. 
Thus we have the rectangle. 
On an indefinite line lay off 
EF = 3, and FG = 2; on 
EQ as a diameter, draw a 
semi-circumference. At F 
erect the perpendicular FH, 
and construct the square 

having this line as a side. It will be equivalent to the reot- 

aiDgle. 




Fls*22a. 
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Page 52, 111. 

1. A's land : B's land :: 5^ : 3* :: 25 : 9. .-. A's = 2^ B's. 

2. As 2 to 1. 

3. As 2 tx) 3. . 

THE AREA OF A CIBGLE. 

Page 54, 113. 

1. If 1 is the side of the square, the area of the circle 
wiU be ay X 3.1416 = .7854 = 1 - .2146. 
3^X3.1416 



2. 



= 7.0686. 7.0686 X 640 = 4523.904. 



3. 100* X 3.1416 = 31,416 sq. ft. In f of an acre there 
are 32,670 sq. ft. 

4. 3.1416. 

5. 4x3.1416=12.5664. 9x3.1416 = 28.2744. 16 X 
3.1416 = 50.2656. Four times, nine times, sixteen times as 
great. 

Page 55, 114. 

1. The area of the outer is four times that of the inner. 
The four parts are equivalent. 

2. 3*: 5*::9 : 25. ^ = 2f_ 

3. 2x5^ = 2x25 = 50. V50= 7.071. 

4. Yes. Four _b 
times as great. 

5. Not quite. C| 
They are as 49 to 
50. 



6. None. 



^ D 




Fi8i83 a. 



Page 57, 121. 

1. 3. 6. 10. 
7. 4. See Figs. 
23a-27a inclusive. 
In general n — 2, n being the number of sides. 
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2. 6x2—4 = 8. Let A BCD EF, Fig. 27 a, be a hexagon. 
With an^- radius, as Q O, describe a circumference. With the 
same radius describe arcs measuring the angles A, B, C, D, E, 
and F. Beginning at O, lay off Oa, the measure of A, ab 




4 <r-| 



d 



&^ — ^ 



Fis.fl4a. 



of B, 6c of C, cd of D, de of E, and ef of F, when / will 
be found to coincide with O. The sum of the angles, 
being measured by two circumferences, is eight i*ight angles. 
5x2—4 = 6. Let ABODE, Fig. 23a, be any pentagon. 




Fig! 28 «. 



With any radius as Q O, describe a circumference, and also 
arcs measuring the angles A, B, C, D, and E. Beginning at 
O, lay off Oa, the measure of A, ab of B, be of C, cd of D, 
de of E, when e will be found to fall at the extremity of the 
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diameter through O. The sum of the angles is thus seen to 
be six right angles. 8x2 — 4s= 12. Let A B C D E F O H, Fig. 




Fis-ae a. 



24 a, be any octagon. With any radius, as QO, describe a 
circumference, and also arcs measuring the angles as before. 
Beginning at O, lay off Oa, the measure of A, ab of B, be 
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of C, c(f of D, de of E, efof F, fg of O, and gh of H, when 
h will fall at O. The sum of the angles is thus seen to be 
twelve right angles. 10x2 —4=16. Let ABCDEFOHIK, 
Fig. 28 a, be any decagon. With any radius, O Q, describe a 
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circumference, and also arcs measuring the angles. Begin- 
ning at O, lay off the arcs Oa, ab^ be, c<f, de, ef^fg, gh, 
hi, ilc, when k will fall at O, thus showing that the sum of 
the angles is sixteen right angles. 9x2 — 4 = 14. Let 

D o 




F18.28 a\ 



Fls* 29 a. 



ABCDEFOHI, FiG. 26 a, be any nonagon. With any radius, 
as QO, describe a circumference, and also arcs measuring the 
angles. Beginning at O, lay off Oa, a 6, 6c, cd, de, ef,fg, 
gh, hi, when i will fall at the end of the diameter through O, 
thus showing that the sum of the angles is fourteen right 

angles. The sum of the 
angles of a triangle has been 
shown to be two right angles 
in Fig. 53. That the sum of 
the angles of a quadrilateral 
is four right angles, may be 
seen from Fig. 29 a. 

3. Since the sum of the 
angles is eight right angles, 
each is equal to f of a right 
angle, or 1^ rfght angles. 
Fis. 30 a. 4. In the octagon each angle 

equals ^ = f of a right angle, or 1^ right angles. Similarly 
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each angle of a pentagon equals 1^ right angles, and each 
angle of a dodecagon equals If right angles. 

5. Describe a circle with any radius. Obtain one side of 
a regular inscribed hexagon, bisect the subtended arc, and 
lay the half off twelve times, as is 
shown in Fig. 30 a. 

7. Draw a circle with any radius. 
Draw two diameters at right angles, 
bisect the intercepted arcs, and join 
the points of bisection. 

10. As in Fig. 31 a, draw a circum- 
ference, and two diameters at right 
angles. At the extremities of each 
diameter, draw lines parallel to the 
other, and we shall have the square 
desired. 

To circumscribe an equilateral triangle. Having drawn a 
circle, find the vertices of a regular inscribed hexagon. At 
the 1st, 3d, and 5th, draw Unes touching the circumference. 




Fie. 31a. 




Fls* 33 <*' 



until they meet. To circumscribe a regular hexagon, pro- 
ceed as before to determine the vertices of the regular 
inscribed hexagon. At these vertices draw lines touching 
the circumference, until they meet. 
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PART IL 



PLANE GEOMETRY. 

OP PERPENDICULAR STRAIGHT LINES. 

Page 64, 130. 

4. P and P' are each equally distant from A and B. 

5. The latter. (128.) 

6. At different points. (127.) Perpendicular, or at right 
angles, to the road. 

7. Lose. Referring to Fig. 107, in the two paths AOB 
and AO'B, AO is common, but OO' + O'B^^-OB. Gain. 
In same figure, suppose O" to be a point between A and O. 
Then A O" -f 0"B < A O" + 0"0 -f O B. 

OP OBLIQUE STRAIGHT LINES. 

Page 69, 141. 

1. Having an angle given, produce either of the two sides 
backward through the vertex. 

2. In one and the same straight line. Because the sum 
of the angles is two right angles. See Fig. 34 a. 

3. Because the sum of the angles is four right angles. 

4. In one and the same straight line. (136*) 

5. (137) or (141). 

6. A. (139.) 

OP PARALLELS. 

Page 75, 156. 

3. Proceed as in Fig. 163, noticing that the measuring 
arcs maj' be drawn with a radius different from P a. 



KEY TO ELEMENTABY GEOMETEY. 



43 



4. Parallel. (149.) Move the tongiie until the same line 
shall be given, whether the edge m or m' be applied. ^ a 
right angle. 

5. No. Because the plumb lines, if produced, would meet 
at the centre of the earth. 

6. Eeferring to Fig* 33, since M N is perpendicular to A B 




at its middle point, every point in it is equally distant from 

A and B (129). Again, for the same reason, every point 

in RS is equally distant from 

B and C. Consequently their 

intersection O is a point equally 

distant from the three points 

A, B, and C. Fie. 35 a. 

7 and 8. See Fig. 234. They are shaped alike. 

9. Yes. 
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OP THE RELATIVE POSITIONS OP STRAIGHT 
LINES AND CIRCUMFERENCES. 

Page 84, 176. 

1 . Draw a circle, and any diameter, as in Fig. 131. ( 1 58. ) 

2. Draw a diameter through the point. (158.) 

4. (160.) 

5. The one at 4. (168.) 

6. The same. (164.) 

7. A secant. A tangent. Wholly outside. 

8. From any point, as O, with a radius O P, strike an arc 
passing through the given point P, and intersecting the given 
line A B at a and b. From & as a centre, with a radius equal 
to a P, strike an arc cutting the circumference at c. Then by 
(174) and (165), Pc is parallel to AB. 

10. (169.) 

OP THE RELATIVE POSITIONS OP CIRCUM- 
FERENCES. 

Page 92, 199. 

1. Reasons given in (177). 

2. Join the points by a straight line. Bisect this line by 
a perpendicular. Where this perpendicular meets the given 
line will be the required centre, since it is in the given line 
and equally distant from the two points (129). 

3. Reasons given in (177). 

4. They intersect. They are tangent externally. One 
whoU}' exterior to the other. One wholly within the other. 
Concentric. One tangent to the other internally. 

5. Join O and O', bisect that portion of OO' intercepted 
by the circumferences, and with the middle point of this por- 
tion as a centre, and half of it as a radius, describe a circum- 
ference. This will be tangent to the other two externally, 
since in each case the distance between the centres is equal 
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to the sum of the radii. Again, produce OO' in both direc- 
tions till it intersects the circumferences. On this line as a 
diameter, describe a circumference to which the other two 
will be tangent internally, since in each case the distance 
between the centres is equal to the difference of the radii. 

In another way, take some definite line as a radius for the 
required circle ; from O as a centre, with a radius equal to the 
sum of the desired radius and the radius of O, strike an arc ; 
from O' as a centre, with a radius equal to the sum of the 
desired radius and the radius of O', strike an arc intersecting 
the former arc in 
two points. These 
points will be the 
centres of circles 
tangent to the two 
given circles exter- 
nally. By using, 
in a similar way, 
as radii, the dif- 
ferences between 
the desired radius 
and the radii of 
O and O' respec- 
tively, we may ob- 
tain a circumfer- 
ence to which O 
and O' shall be 
tangent internally. 

6. For method see (5). Yes. Its centre will lie in the 
line joining the centres of circles 6 and 10. No. Because 
the arcs struck from the centres of circles 6 and 10,* with 
radii 6 -f 1) and 10 -f l? will not intersect. 
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OP THE MEASUREMENT OP ANGLES. 

Page 102, 218. 

2. C D B and CAB, ADC and ABC, A C D and A B D, DAB 

and D C B. Equal because the}' have equal measures. A B D 
is measured by ^ of arc AD, CDB by ^ of arc CB, while 
C O B is measured by ^ (arc C B + ^c AD). In a similar 
way, the measure of DOB is the sum of the measures of 
ABC and DAB. 

4. Second Solution. Angle ADB = angle EC B = angle 
O (152). Any angle inscribed in the segment AmB = 
angle O (211). By making CBA acutCy we can always ren- 
der CBA + ECB< 2 right angles, and hence A D B will be a 
possible triangle. When angle O is given, the angle A B D 
may be made any thing less than the supplement of O. 
Hence, in some cases, A B D may be right, or even obtuse. 

OP THE ANGLES OP POLYGONS, AND THE 
RELATION BETWEEN THE ANGLES AND 
SIDES. 

Page 118, 276. 

2. i + i = h 2-^ = |. 

3. The side opposite f of a right angle. Side opposite ^ 
of a right angle. No. 

4. 2-i = f. ioff = f. 

5. A trapezoid, since the remaining angles are each a right 
angle, and hence two of the sides are parallel. 

6. One, 1^ of a right angle ; the remaining two, each ^. 

7. Yes. Construct an angle equal to f of a right angle, 
opposite it construct an angle equal to f of a right angle, and 
produce the sides of the two angles until they intersect. 
Through three of the points or vertices of this figure, pass a 
circumference, and it will be found to pass through the fourth. 

8. A parallelogram. No. 

9. That it is a parallelogram. 
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10. 12x2-4 = 20. H = lf- 

11. 9x2-4 = 14. Y=H' 2-l| = f. 

12. A figure of 17 sides, since ^^ = 1^. 

13. A hexagon, since f = f . 

14. Yes. Yes. Squares or rectangles. No. Since each 
angle of a regular pentagon is 1^ right angles, we cannot 
group regular pentagons about a point so that the sum of the 
angles at the point shall be four right angles. Yes. Each 
angle of a regular hexagon being 1^ right angles, three regu- 
lar hexagons can be grouped about a point so as to cover the 
space exactly. The bee. No. Because in no such case 
will the sum of any number of angles of a regular polygon 
be exactly four right angles. 

15. No. Yes. No. Yes. 

16. Yes, to all. 

17. Yes. Yes. Pentagon, yes ; octagon, no. 

OP EQUALITY. 
Page 134, 310. 

2. Draw an indefinite line. On this lay off the given side ; 
at one end of this line, construct an angle equal to one of 
the given angles, at the other end an angle equal to the other 
given angle, and produce the sides until they meet. 

6. Triangles ACO and DC B are mutually equiangular, 
since there is a right angle in each, and C A D = D C B, each 
being the complement of A CD. ACD and ACS are mutu- 
ally equiangular, since there is a right angle in each, and 
angle CAD is com- 
mon. Similarly with 
respect to ACS and 

DCB. 

7. There is no tri- ° a a' a" 
angle, since8+5< 15. 

8 and 9. Proceeding as in (5), we see that for & = 8, 
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there is no triangle ; for 6 = 12, there are two ; for 6 = 25, 
there is one. 

10. Lay off C B = a = 15 ; at B construct the angle B = J 
of a right angle ; at C construct the angle C equal to the 





C'li 



Fl8i38 a. 
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supplement of A -j- B, and produce C A and B A till they inter- 
sect. Angle A will then equal f of a right angle. 

11. Lay off AC = 16, and on AC as a diameter, construct 

a semicircle. From A as a 
centre, with a chord equal to 
7, strike an arc intersecting 
the circumference at B. Draw 
AB and BC. Again, draw 
the indefinite line AC; at A 
construct the given angle, 
lay off AB = 12, and at B 
draw a perpendicular, produ- 
cing it to meet AC. This 
will give us one triangle. To 
construct the other, lay off 

BD = 12, and draw DC parallel to BAj through C draw 
C'B' parallel to CB. The two triangles will be alike in 
shape but different in size. 

12. Lay off A B = 20 ; on A B as a diameter construct a 
semicircle. At B make an angle equal to ^ of a right angle. 
Join A C. See Fig. 40 a. 
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14. Lay off A B = 8, at A constnict an angle equal to If 
right angles, and lay off A D = 6. Now, through D draw 
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D C parallel to A B, and, through B, B C parallel to A D, pro- 
ducing them to meet at C. 

15. Proceeding as suggested in the book, we finally reach 
F. Now, if from F as 
a centre, with a radius 
equal to 3, and from A 
as a centre, with a 
radius equal to 4, we 
strike arcs, they, obvi- 
ously, will not inter- 
sect. If, however, the 
sum of A O and F O be 
greater than AF, as 
when F Gj = 7 and A Gj 
= 6, the arcs will in- 
tersect as at Qi and 
the heptagon be 
formed. The sum of 
the given angles can- 
not exceed eight right 
angles, and the sum 
of the sides included 
between the unknown 
angles must be greater than AF. 
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OP AREA. 
Page 143, 331. 

- 75 X 110 ^_ _Q , 

!• -t: ;7:r = 25.78+ acres. 

2 X 160 

o 126 X 72 , ^^^ 

2. = 4,536 sq. ft. 

3. Into parts which are to each other as 2, 3, and 5. 
Into two parts of equal area. 

OP SIMILARITY. 

Page 151, 353. 
2. (838.) 

4. Let A B be the given line. Draw AX making any con- 
venient angle with A B ; on it 
lay off five units of any 
length ; join X, the fifth point 
of division, with B, and draw 

Fis.43a. ^^ \ 1^ series of parallels to BX 

through the various points of 
'^ division. AB will thus be 
divided into Q\e equal pai-ts. 

6. (347.) 

7. ODE = OCB, OED = OBC (162); DOE=BOC 

(134). OD : oc :: oe : ob, od : oe :: oc : ob, od : 
DE :: oc : BC, ob : bc :: oe : de, all true. 

8. 6 = B, c = c, d=D, e = e, /= F (162) ; Ab :bc : 
cd : de : ef : /A :: ab : bc : CD : de : ef : fa (338). 
Hence the angles of Abedef are equal, and also the sides. 
For latter part, see (363). 

9. 9:11:7 :: 4^:5^: 3^. 

10. V5^05 = V75 = 8.664-. V20 X 15 = 

V(15)2 -f (8.66 + )' = VSOO = 17.32+. V2'0*X~5 

= V5'+ (8.66)2= y'lQo = 10. 




KEY TO ELEMENTARY GEOMETRY. 



61 



APPLICATIONS OP THE DOCTRINE OP 

SIMILARITY. 

Page 161, 379. 

1 . Through the point draw a diameter. The rectangle of 
the segments of each chord will be equal to the rectangle 
of the segments of the diameter, and hence be constant. 

2. 1^ = 8. 

3 

3. The propositions ma}*" be stated in one, as follows : If 
two lines intersect each other and the circumference of a 
circle, the product of the distances from the intersection of 
the lines to the intersections of one with the circumference 
will be equal to the product 
of the corresponding dis- 
tances upon the other. In 
Fig. 245, when AO becomes 
a tangent, O D = A O. 

4 and 5. Let A B C be the 
triangle, A B = 48, A C = 36, 
BC=50; then 48 : 36 :: 4 : 
3 :: X : 50— a?, or 4 : 7 :: 
x: 50. .-. x = ^^=2S^, 
50-aj=21iJ. Again, 48 : 50 :: 24 : 25 :: y : 36-y, or 24 : 

49::y:36. ... y = ?iii^= 17^. 36-2^=18^1. Again, 

4y 

36 : 50 :: 18 : 25 ::« : 48 — 2, or 18 : 43 :: 2 : 48. 

18x48 




2 = 
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= 20^. 48— 2;=27f|. ABXBC = AEXEC-fBE3. 



ABXAC=:BDX DC-f AD^ BCXAC = BFX AF + CF^. 
.-. BE = VaBX BC-AEX EC = V48x50-17|^X 18if 
= 45.56. A D = Va BXAC — BDXDC = 

V48 X 36 - 28^ X 21^ = 33.41 +• 
C F = VbC X AC— BF X AF = 

V3^ X 50 - 27|| X 20^ = 35.20 + . 
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2 X 20 X 3.1416 ^^^^^^^^ 
12 

(20yxlM6 = 104.72. 
12 

8. In order that a given circle may be divided into parts 

equal in area by concentric circumferences, it is evident that 

the areas of the circles must fbrm an arithmetical progression 

whose first term and common difference are the area of the 

inner circle, i.e., the areas of the successive circles will be 

1, 2, 3, 4 n: hence their radii will be as 1, V2, 

Vs, \/4:, Vn. If the radius of the outer be r, of 

the inner /, we have r ; / :; Vw : 1. .*, r'= — ^,or,2/ 

2r rru ' A' ^ -iiK 2r 2r\/2 2r\/3 

= —^, The successive diameters will be— ^, — yrr-^ — ^r^, 

2r. 

When r= 24 and n = 5, the successive diameters will be 

i^V5, ^VTO, ^Vl5, i^V5, 48. 

11. If through the point nearer to the line of projection, 
we draw a parallel to that line, a right-angled triangle is 
formed of which the first line is the h^^potenuse, its projec- 
tion one side, and the difference of the perpendiculars the 
other. Hence the demonstration. 

12. If from any vertex of a triangle a perpendicular be 
drawn to the opposite side, the sum of the segments thus 
formed is to the sum of the other two sides as the difference 
of those sides is to the difference of the segments. If the 
perpendicular falls without, instead of " segments," read 

*' distances from the foot of the 
perpendicular to the extremities 
of that side." 

13. 6 : 5 -f- 4 :: 5 — 4 : m — n, 
or, 6 : 9 :: 2 : 3 :: 1 : m—n. .*. m 
— n=1.5. Now, m + w=6. .•. m = 3.75; n = 2.25. 
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14. 7 : 10 + 4 :: 10 — 4 : m — n, or 1 : 2 :: 6 : m — n. 
,•. m — n = 12. m-+-n=7. .•. m = 9.5, n= — 2.5. n is 
negative because the perpendicular falls without. 

15. Referring to Fig. 95, it is evident that the side of 

the inscribed square is \/2. Now, from the formula c = 
V2-V4^^, one side of the octagon is V2 - V2. The 
perimeter is 8 V2 - \/2 = 6.123. The apothem is 

.-. Thearea=jV2-V2xV2-hV2x8=2v^2=t:2.8284^-, 
When the radius is 10, the perimeter = 61.23, and the area 

= 282.84+. 

16. From c = V2 - Vi^^. <^- 4(^ + 4 = 4 - C*, or 
C*=-c* + 4c». .-. C*=^-l + 4=:3, andC = \/3. 



SOLID GEOMETRY. 

OF STRAIGHT LINES AND PLANES. 

Page 173, 419. 

1 . Imagine a line through the corner of the desk and the 
point on the stove ; then canceiVfe any plane containing this 
line to revolve about it until the point in the ceiling falls in 
the plane. 

2. Two lines t^hich life in parallel planes, but through 
which a single plane cannot be passed. 

3. See the preceding. A line drawn between the lines so 
as to be perpendicular to both. 

4. From the point in the ceiling as a centre, with the 12- 
foot pole as a radius, describe a circumference on the floor. 
The centre of this circumference will be the point desired. 

5. A plane can alwa^-s be passed through three points not 
in the same line, and is completely determined thereby. It 
may or may not pass through four. 
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6 and 7. Place one square against a side of the stud and 
the floor, the second against the adjacent side of the stud 
and the floor, and then move the stud till it comes directly 
a'gainst both squares, thus forming a right angle with two 
lines of the floor. Two opposite sides of the stud would not 
answer. 

8. Pass a plane through the eye and the given line ; its 
intersection with the plane of projection is evidently the pro- 
jection desired, and a straight line by (886). Draw two 
perpendiculars measuring the distances between the parallels 
at any two points. Pass planes through the e^^e and the 
sides of the rectangle thus formed so as to intersect the 
plane of projection. If now the parallels are parallel to the 
plane of projection, we can by similar triangles show that 
the figure formed is still a rectangle ; if, however, the two 
parallels are not parallel to the plane of projection, we can 
by the same means show that the figure formed will no longer 
have the two projections parallel. 

9. The angle may be any thing between 23° and its sup- 
plement, or 157°. 

OP SOLID ANGLES. 
Page 185, 456. 

1. A right angle. At any acute angle. At any obtuse 
angle. 

2. Because the eye is not in a plane perpendicular to each 
one of the edges, and hence the apparent angle is greater or 
less than a right angle. No. 

3. In a plane perpendicular to the edge. No, in general. 

4. A supplementary triedral. The one is the supplement 
of the other. The opposite ones. 

5. Yes. In two : all three may intersect in the same 
straight line, or every two may intersect in parallel lines. 
If they have only one common point, a triedral is formed. 

6. The triedrals are symmetrical, not equal. 
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7. No. Because the sum of two of the facial angles is 
less than the third. Yes, provided the sum of every two be 
greater than the third. The triedral then becomes a plane. 

OP PRISMS AND CYLINDERS. 
Page 198, 499. 

1. As 6 to 8, or 3 to 4. (4870 

2. 2 X 6 X 4 -f 2 X 4 X 5 -f 6 X 5 = 118 sq. ft. 

3. No. Yes. Eight times as much. 

4. (7x3.1416-f 1.5) x28 = 657.75-f. 

5. 3.1416 xAx24x60x3 = 212.058 cu. ft. Four 
times as much. 

6. v^l25 : v^8::5 : 2. 

7. 52 : (5J)2 : 6* :: 25 : 33^ : 36. 5' : (5|)« : 6^ :: 

102.51+ : 156 : 177.244-. 

8. (5.5)8 . (5.75)3 .. iQQ . 182.82+. The former is the 

stouter. 

9. Both have the same volume and the same lateral sur- 
face. 

10-. 12 X 3.1416 X i X (ff)2 = 55.0434 cu. ft. 55.0434 
X f X 12 = 495.39 sq. ft. 

OP PYRAMIDS AND CONES. 
Page 208, 531. 

1. Each side of the hexagonal base =10. Apothem = 
V(10)2-52 = V75 = 5V3. Areabase = fx 60x5^/3 = 
150 V3. Volume = | X 8 X 150 V3 = 400 Vs = 692.82. 
Slant height = Vs^ + 75 = Vl39. Lateral surface = ^ x 60 

xVi39 = 353.69. 

2. In a circle whose radius is 1, if a; be the side of a regu- 
lar inscribed decagon, 1 : xt: x : l—x (Ex. 10, p. 162), 

whence x = i (Vs - 1 ) . Now by (812) c = V2 - V4-C% 
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whence C = cx/^ — c^. Substituting for c, | (V^5 — 1), we 
have C, tlie side of a regular pentagon inscribed in a circle 

whose radius is 1 , equal to ^ V 10 — 2 VS. . • . Each side of the 

pentagonal base under consideration is equal to 3 V 10— 2V^- 
Area of lateral surface = 

iX lOx 5 X 3 VlO - 2 V5 = 75 VlO -2\/5 = 176.33 + . 

Apothem = ^Je*- (f Vio- 2 VS)^ = | ^2(3+^5). 
Area base = 

i X 5 X 3 VlO - 2 \/5 X 1^2 (3 -f V5) = ^ VlO -f 2 \^5. 

Altitude = ^(10)«- (1^2(3 + V5ly=iV346- 18 V5. 
.-. Volume = i X i X 4^ V(10 H- 2 V5) (346 - 18 V5) = 

15 V205 -h 32 V5 = 249.45- . 

3. Volume of cylinder = 3.1416 x 8* x 6 J. Volume of 
cone = 3.1416 x 3* x 1^. Whole volume = 3.1416 x 9 x 7f 

otA^a^aa tvt ^ •* 3.1416x69x4 „ _. , 

= 3.1416 X 69. No. of quarts = — j = 3.75+. 

Area of bottom = 3.1416 X 3*. Convex surface of C3'linder 
= 3.1416 X 6 X 6|^. Convex surface of cone = 3.1416 x 3 

X V32+ (3^)^ Total surface = 3.1416 x 3 x J3 + 13 + 

1^85^ = 194.24 sq. in. 

4. Volumes are as 4* : 3* :: 64 : 27. 

5. Altitude of fir8t = f x 2 = 1.2. Volume of first = ^ 
X 3.1416 X 4 X 1.2 = 5.02656. Volume of second = fj X 
5.02656 = 2.12058. 

6. The base of the triangle formed b}^ altitude and slant 
height is 1^ ( 72 - 48) = 1 2 . . • . Slant height = 

V7^07+~(12p = V3744 = 1 2 V26. 

Lateral surface = 4 x ^ (48 + 72) x 12 V26 = 14685.2 -. 
Volume = I X 60 X I (48)« + (72)«+ (48 X 72)2{ = 218880. 



OF THE SPHERE. 

Page 237, 622. 

I . The radius of the small circle is obidously Vsi^ — 3* 
= 4. 2 7rr = 2 X 4 X 3.1416 =*= 25.1S28. 

3. Draw a circamferenise of a great circle, and on it lay 
off AB = 100°; at A, by the me4^od of (2), construct the 
angle A = 58'' ; on the other side of the angle lay off A C = 
80° ; pass an arc of a great circle through -B and C. 

4. As before, lay off A B = TS"" ; at A construct A = 110^ ; 
at B, B = 87°, and produce the sides of the angles till they 
intersect at some point as C. 

5. As before, lay off AB = 150® ; from B as a pole, with 
an arc equal to B C =r 80°, strike an indefinite arc ; also, from 
A as a pole with an arc ei^ual to AC =100°, strike another. 
If the intersection of these arcs be joined to A and B b}' arcs 
of great circles, we have the triangle desired. The second 
case is impossible, because AC + BC<AB, since 50° -f 85° 
< 160°. 

7. ^ + ^ + ^ ~ ^^Q' X 2;r R« = 1^ X 2 X 3.1416 x (10)' 
360° 360 ^ ^ 

= 305.4. 

o A-fB + C — 180° „ - 100 „ o^A^n n2 

8- —^ — 5^:x5 X 2;rR*=— - X 2 X 3.1416 X 6' = 

360° 360 

62.832. 4 

9. The same, since they have equal altitudes. 

10. The areas are as 1578 : 2052 : 328, or as 789 : 1026 
: 164. 

-. A + B + C - 180° „ - 220 „ o^A^o 

II. — -I- ^— x2j7rR' = -— X2x 3.1416 X 

360° 360 

(3958)* =60152356.2229. 1^^* = |. x 3.1416 x (3958)' = 

24607782.0912. 

12. Construct the triangle as in (3). Then from the 
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vertices as poles strike arcs of great circles so as to intersect 
and form the polar triangle. 

13. Same as latter part of (12). 

14. In the polar B'C = 180^ - 58^ = 122**, A'C = 180° - 
67** = 113°, B' = 180° - 81° = 99°. 

15. I ;r r8 = :J X 3.1416 X 1 = 4.1888. Taking the for- 
mula given in (18),i7r ^ {b - a) -^ {b^ -- a^)\ == 7t \1 (f-J) 
-i[(ir-(OTI=^li-4(if)l=^X 11= 1.1454. 

16. Surface of sphere = 4 ;r R* ; of cylinder = 2 ;r R' H' = 

2;rRx2R = 4irrR*; of cone = jt R"H" = 7t x R Vs x 
2 R V3 = 6 Tt R*. The entire surfaces are 4 tt R*, Qn R*, 

17. Volume of sphere = | ?r R' ; of cylinder = ;r R'^ h' = 

JT r2 X 2 R = 2 JTT R» ; of cone |j7r r'^^h' = J ^ (R ^3)* x 3 R 
= 3 ^ R^. Hence the entire surface of the cylinder is a mean 
proix)rtional between that of the sphere and the cone. A 
similar proposition is true concerning the volumes. 

18. From (621) and (622) we easilj^ see that the required 
volume is 

7t\{r--ayr-^i(r^ay\-^n\(r-^byr'-i{r-by\ 
= rr |r3 - 2 r^ a -f r a^ - ^ (r« - 3 r^a -f 3ra2 - a^) I 
^7(\7^-2r'b-hrb^-i(r^-3r'b + 3rV-b^)l 
= n |V(6 -a) - i (6« - a^) |. 



KEY TO THE TRIGONOMETRY. 



Key to the Thigonometkt. 



PLANE TJ^IGONDMETRY. 



[NoTlB. — The full-faced figured In couhedtion with the number of 
the page refer to the Articles in the Trigonometry. The numbera 
at the left hand, or above the Example, refer to the .particular Exam- 
ple. Figures in the Trigonometry are denoted FiG. 23, etc. ; Figures 
in the Key, Fig. 23 a, etc^] 



DBPINIWONS AlifD KJNDA^EiNTAL RELA- 
TIONS. 

Page 17, 47. 

1. 90** - ISO** 21' IS'^5 « - 60^ 21' 13".5. 180** - 150° 
21' 13".5 = 29° 38' 46".5. 90° - 125° 15' = - 35° 15'. 
180° - 125° 15'= 54° 45'. 90° - 283° 21' 11" = - 193° 21' 
11". 180° - 283° 21' 11" = - 103° 21' 11". 90° - 36° 5' 
2" = 53° 54' 58". 180° - 36° 5' 2" = 143° 54' 58". 90° - 
89° 0' 12" = 59' 48". 180° - 39° 0' 12" = 90° 59' 48". 

2. ^=60°. |rt==270°. 2;r = 360°. J;t=45°. IJ^t 
o 

= 225°. 

8. 108°^ lgg! = igg«^f«^^X V^^«^ 1.8849. 2«. 
;r 180 ^ ^ 

61 



62 
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460= ^^-^ = ^« = $« = ?L>i|:lil« = 8.0285. 210» 
n 180 9 9 

. 180° 210 7 X 3.1416 . „„ 

■^-^ = 180" = *" 6 ^^•^^^^• 

4. 45° = irt. 90° = in. 180° = n. 225° = 1J«. 1 = 
57° 17' 44".8+. 

5. r = ISjy^ = .15708. 

360 



// 



6. 11'" 5'^ = ^/^ of r= 0M8472-f . .'. 12*^ 22' 13 
11'" 5^^=12° 22' 13".18472+. 0^51=30' 36". .-. 
53°.51 = 53° 30' 36". 

7. 2 X 57° 17' 44".8 = 114° 35' 29".6. 3 X 57° 17' 44".8 

= 171° 53' 14".4. 27° = 27° -^ — = ?^= J^Tt. 10° = 

7t 180 ^^ 

10^X3.1416X2^^^^^^ r = 2^=l. ... 2;rR = 360. 



360 
R = — = 57.29578 

7t 



360 



12. To construct sec"^ 2. Let O A be one side of the 

angle. With Oa, any convenient ra- 
dius, strike a circumference. At a 
draw an indefinite tangent. From O 
as a centre, with a radius 2 Oa, strike 
arcs intersecting this tangent above and 
below. Join the intersections with the 




Fig. I a. 




Pis. 2 a. 



centre, and we have two angles, one in the first quadrant and 
one in the fourth, whose secant = 2. See Fig. 1 a. 
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PiSi3 a. 



To construct cot~^ 3. Having drawn a circumference and 
two diameters, one horizontal, the other vertical, at the 
upper extremity of the vertical draw a 
cotangent = 3 to the right. Join the 
end of this line to the centre, and pro- 
duce the line to meet the circumference 
in the third quadrant. We thus have 
two angles, one in the first quadrant 
and one in the third, whose cotangent 
= 3. See Fig. 2 a. 

To construct cosec"^ 1^. Draw the 
circumference and two diameters at 
right angles as before. At the upper 
extremity of the vertical, draw an in- 
definite cotangent. From the centre 
with a radius 1^ R, strike arcs inter- 
secting this cotangent at the right and 
left. Join these intersections with the centre, and we have 

two angles, one in the first quadrant 
and one in the second, whose co- 
secant = IJ. See Fig. 4a. 

To construct tan"^ (— 3)- Draw 
the circumference and two diameters 
at right angles as before ; at the right 
extremity of the horizontal diameter, 
Fig. 4 a. draw a tangent, producing it down- 

ward till it = 3 R. Join the end of the tangent with the 
centre, and produce the line to meet the circumference in 
the second quadrant. Thus we have two angles, one in the 
second quadrant and one in the fourth, whose tangent = — 3. 
See Fig. 3 a. 

13. To construct tan""^ 1. Draw the tangent at the ori- 
gin ; lay off above a distance = R j join the end of this line 
to the centre, and produce it to meet the circumference in 
the third quadrant. We thus have two angles, one in the 




64 



KEY TO TRIGONOMETRY. 




Fis« 6 a. 



first qaaclrant and one in the second, whose tangent s=l. 
See Fig. 5 a. 
For tan~^ (—1), lay off « distance fl below, and we shall 

obtain two angles, one in the sec- 
ond quadrant and one in the fourth, 
whose tangent ^ •^1, 

For tan~* f, make the radius of 
the circle four units of anj^ conve- 
nient length, and on the indefinite 
tangent at the origin la}* oif above 
three of these units. See Fig. 5 a. 
Tan--' (-2) and tan-* (-J) 
need no further explanation. See 
Fig. Sa. 

To construct cos** (*-i)^ make 
the radius three units of any con- 
venient length. Lay off one of these units to the left of the 
centre, and through the point thus deter- 
mined draw a peri^endicular to the hori- 
zontal diameter. Join its intersections 
with the circumference to the centre, and 
we have two angles cos""* (~i)^ <^"c i» 
the second quadrant and one in the third. 
For sec~* (—2) proceed as in sec""* 2 
(12), save that we produce tilie lines 
through the centre, giving us two angles 
sec""* ( — 2), one in the second quadrant 
and one in the third. See Fig. 1 a. Pi«i« a. 

For cosec* (—8) proceed as in cosec""* 1^ (12), save that 
we use a radius 3 R, and produce the lines through the centre, 
giving us two angles cosec~* (—3), one in the third quadrant 
and one in the fourth. See Fig. 7a. 

For vers"* J, with a radius equal to four units of any con- 
venient length describe a circumference, draw the horizontal 
diameter, and from the origin toward the centre lay off one 




KEY TO TRIGONOMETRY. 



66 




Pis. 7 a. 



of these units. Through the point thus detennined draw a 
perpendicular, meeting the circumference in the first and 
fourth quadrants. By joining these intersections with the 
centre we obtain two ^ 
angles vers"^ J. See 
Fig. 8 a. 

For vers"^ 1^, lay 
off on the horizontal 
diameter to the left 
of the centre two units, and draw a perpendicular as before, 

giving two angles vers"* 1^, one in 

the second quadrant and one in the 

third. 

14. From sitfic + cos* a; = 1, 

sin* a; = 1 — cos* a?. .•. since = 

Vl — cos* a. Also, cos* a; = 1 — 
8in*aj. .-. cos a: = \/l — sin- a:. 




FIStS a. 



and cos or = 



sin.x* 
tan^' 



Fi'om cota? == , tana; cot a? = 1. 

tana; 

sina; , 

tana; = . .•. tanajcosaj=sma?, 

cos a; 

-- ^ cosa; . cosa; ,^ 

From cota? = -7:-^ , sin« = — — . r rom 



smit? 



cota; 



eina: = , sma; = ^ 

coseca; V 1 + cot* a; 



. From cosa? = 



cosa; 



Vl -f- tan*a;* 
cosa; coseca;. tana? = 



sm a; . 
tana; = = sma;seea?. cota; = 



sec a; 
cosa; 



cosa; 
sina; 1 



sma; 



sec a; 



sma; 



cosa; 



cosa; 



cot a; Vcosec*a; — 1' 
seca;— 1 



cosa; coseca; seca; coseca; 
versa; = 1 — cosa; =1 — 

cot a; 



1 



seoa; 



versa; = 1 — cosa; = 1 — 



seca; 
coseca; — cot a; 



coseca; 



coseca; 



cosa; 
cota;=s -: — = 
sina; 



\/l — sin* 05 
sina; 
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15. tana? = f . &ecx = Vl + tan*aj = Vl + A = f • 

cosecoj = -: — = - = 4. cotoj = : = - = 4. versa; = 1 

sin a f * tanoj f ^ 

— cosoj = 1 — ^ = ^. coversa; = 1 — sina? = 1 1 = |. 

16. 8ina?=:|. cosa? = Vl — sin*a; = Vl — ^ = ^ \/5. 

tan = ?l!^ = f-^.iV5 = |V5. cota; = ^= i V5-^f 

= i Vs. coseca; = -; — = 1 -:- * = f . seca; = = 1 -f- 

sina? cosa; 

^ V^ = f Vo. versa? = 1 — cosa? = 1 — ^ \/5. covers x 
= 1 — sina? = 1 — I = ^. 

17. seca; = 2. tana = Vsec^a; — 1 = \/3. cota? = 

tan a: 

= i Vs. cosa? = = 4. sina; = Vl — cos^a? = i Vs. 

seca? 

versa? = 1 — cosa? = ^. coversa? =1— sina?=l — J V3. 

coseca? = -J— = 1 -§- 4 Vs = f Vs. 
sin a? 

18. tana? = — 1. seca? = Vl + tan* a? = ^F V2. cota? = 

= = — 1. coseca? = Vl + cot*a?= ±V2. sina? 

tana? —1 

= = ±lV2. co8a;= =:j:lV2. versa? = 1 

coseca? seca? 

— cosa? =1 ±i V2* coversa? = 1 — sina? = 1 if ^ V2. We 
find tan~^ (—1) ^^^ ^^ ^^® second quadrant, and hence the 
upper sign of each ambiguous function will be the sign be- 
longing to that function in the second quadrant. 

19. For tan-* 1 and tan""* ( — l)i see Ex. 13. To con- 
struct siii""^ (— i)^ draw a circumference, the horizontal and 
vertical diameters. On the vertical diameter below the centre 
lay off a distance ^ R. Through the point thus determined 
draw a perpendicular, producing it to meet the circumference 
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in the third and fourth quadrants, and we shall thus have an 
angle sin~^ (— i) i^i each. See Fig. 9a. 




Fig. a. 




Fig. 10 a. 



20, Two. In Fig. 10, produce P C till it meets the cir- 
cumference in the second quadrant. If the intersection be 
joined to the centre we shall have a second angle sin~^ f . 
For cos"^ I and cos"^ (—4), see Fig. 10a. The}^ are sup- 
plementary. For tan"* 3 and tan"* (—3), see 
Fig. 11a. They are supplementar}\ 

21. 2^=sin~*aj, a: = sin2/. cosy= Vl— sin^y 

X 

sec^ 



= Vl — «^. tany = — - 

cosy 



cosy Vl - aj" 



cosecy = 



Vl -a^* 
siny X 



y = cosec 



.-,1 



X 



vers y = 1 — cos y = 1 — 

1 vr=^ 



tany 



X 



y = 




Fig. 1 1 a. 



\/l — 7?. coty = 

22. Each function of 450° = the same function of 450° — 
360% or 90°. Each function of 1350° = the same function 
of 1350° - 3 X 360°, or 270°. Each function of 900° = the 
same function of 900° — 2 x 360°, or 180°. 

23. 4n - is any even multiple of 180°. .-. sin4n = 0. 
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(4n + 1)- represents 90° increased by every even multiple 

of 180°. .-. sin (4n + 1)^=1. (4n + 2) | is any odd 

multiple of 180°. .-. sin (4n + 2) | = 0. (4n + 3) ^ repre- 

sents 270° increased by ainy even multiple of 180°. 

.'. sin (4n + 3) - = —1. 

The others may be shown in a similar way. 

24. — 1 10° ends in the third quadrant ; —-35° in the fourth ; 
-500° = -360° -140° in Hie third ; -2000° = -5 x 360°- 





Flg. 1 8 a. 



Fls> 13 a. 



200° ends in the second. The signs of the functions will then 
be the same as of angles terminating in the third, the fourth, 
the third, and the second quadrants, respectively. 

25. The sine of 30°, being the perpendicular let fall from 
the termination of the arc upon the diameter through the 
origin, is seen at once to be one-half the chord of 60°, or |. 

cos 30° = Vl - sin^ 30° = Vf = i V3. Applying the fun- 
damental relations, we obtain tana? = \ V3, cota; = V 3, 



sec a? 



= \ ^3, cosecaj = 2. See Fig. 12 a. 



26. The triangle formed by the sine and cosine of 45° with 
the radius is obviously isosceles. .•. sin 45° = cos 45°. 

.-. sin 45° = cos 45° = \ V2. We easily get tana; = cota; 

= 1, seca? = coseca? = \/2. See Fig. 13 a. 
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FUNCTIONS OF THE SUM OR DIFFERENCE 

OF ANGLES. 

Page 26, 57. 

1. In Fig. (a) the description is obvious. P D = since, 

OD = cosaj, P'E = 8iny, OE = cosy, P'D' = 8in (x-^y). 

Now P' D' = P' t -f- L D' = P' L -f- E F. By similar triangles, 

E F P D EF since ^^ ., P'L 

= , cm: = -— — . .*. E F = sma cosw. Also 

OE OP co&y 1 ^ P'E 

OD P'L COSOJ ^,, • / . \ 

= — , or -; — = — - — . .'. P'L = cosoj smy. .*. sin (x+y) 
OP siny 1 • ^ ^^ 

= sinoj cosy 4- coea? siny. 

2 and 3. Explanations in book. 

4. In Fig. (a) cos (a? -f- y) = sin a; siny — cos a? cosy, but 
cos (a: -f- y) is — ; making the change, cos (a; -f- y) = cosaj 
cosy — sin a? siny. In Fig. (b) cos (a? -j- y) = cos a? cosy + 
sin a; siny, but cosy and cos (» + y) are — ; making the 
changes, cos (x -f- y) =?= cos a; cosy — sinaj siny. 

In Fig. (c) cos (a? -j- y) = cos x cos y -j- sin a; sin y, but 
cos a? and cos (a;-f-y) are — ; making the changes, cos (a?-f-y) 
= cos X cos y — sin a; sin y . 

5 and 6. In Fig. (d) the proportions are the same as in 
Fig's, (a), (6), (c), and need no further explanation. 

7. sin 75° = sin 45° cos 30° -f-cos 45° sin 30° = ^ V2 x 
iV3 4-iV2xl = i (Ve -h V2) = i (2.44948974 + 
1.41421356) = .9659258. Similarly, sin 15° = J (V6-\/2) 

= .2588190. tai,75°= tan 45° + tan 30° ^l-^W^^ 

1 - tan 45° tan 30° 1 - i ^3 

^ "^ _ = 2 -f V3 = 3.7320508. tan 15° = ^ " \! = 
3 - V3 3 4- V3 

2 - V3 = .2679492. 

8. sin 15° = V^ (1 -^ cos 30°) = V^ (1 - ^ Vs) = 
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i V2- V3 = .2588190. COS 15° = \/^ (i + cos 30°) = 
V^TW-jVl) = i ^2 + V3 = .9659258. tan 15^ = 

J-^ = 2 - V3=. 2679492. cot 15°= J ^ '^ ^! = 2 
^2 + V3 >'2 - V3 

-f V3 = 3.7320508. sin 7* 30' = V^ (1 - cos 15°) = 

Vi(l - i V2 + V3) = i >i2 - V2~+^ = .1305262. 

cos 7° 30^ = ^i (1 + cos 15°) = i yj'Z + VT+ VS = 
.9914449, etc., etc. 

9. Of 45° divided by any multiple of 2. 

10. sin (a; + y + 2) = sin J (a? 4- y) + 2;| = sin (x + y) 
cosz -\- cos (x + y) sinz = (sin a; cosy + cosx siny) cos2 + 
(cosx cosy — sina; siny) sina? = sina? cosy cos2 + cosa siny 
cos« + cosa; cosy sinz — sina? siny sin«. 

cos (x-\- y + z) = cos \(x-\-y) 4- «( = cos (a; + y) cos« — 
sin {x + y) sin« = (cos a? cosy — sina? siny) cosz — (sinaj 
cosy -h cos a; siny) sinz = cos a; cosy cosz — sina? siny cosz 

sina; cosy sinz — cos a; siny sinz. 

tan (a: + y + z) = tan J (a; -f y) 4- 2 J = 

tan X -f tan y 



1 — tan X tan y 



+ tanz 



- tan X 4- tan y ^ 

1 — T ^tanz 

1 — tan X tan y 



tana; -|- tany + tanz — tana? tany tanz 

1 — tana; tany — tana; tanz — tany tanz' 

cot (a; + y + z) = cot I (a; 4- y) +z\ = 

cota; cotv — 1 . - 

cotz — 1 

cota; 4- cot.y 

cota? coty — 1 . 
— ; — , . + cotz 
cota; 4- coty 

cota; coty cot? — cota; — coty — cotz 



cota; coty 4- cota; cotz 4- coty cotz — 1 



11. sec (x-\-y) = 
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1 1 



COS {x + y) cosaj cosy — sin a; sin^^ 
1 _ secaj secy coseca? cosecy 

1 coseca: cosecy — sec a: secy' 



sec a; secy coseca; cosecy 

12. cos 3x = cos {2x -|- a;) = cos 2aj cosa? — sin 2a; sina; 
= (2 cos^a; — 1) cosa; — 2 sin^a; cos a; = (2 cos* a; — 1) cosa; 
— 2(1— cos* a;) cosa; = 4 cos^a; — 3 cosa;. 

tan 3a; = tan (2a; -f x) *= — ^r — = 

^ ^ 1 — tan 2a; tana; 

2 tana; 



-f tan 35 



1 — tan* a; 3 tana; — tan' a; 



2 tana; . 1—3 tan*a; 

1 5— tan X 

1 — tan* a; 



X o A /o . \ cot 2a; cota;— 1 

cot 3 05= cot (2a; + a;) = — —- — - — -— 

^ ^ cot 2a; + cota; 

cot* a; — 1 



cota? — 1 
2 cota; cot' a; — 3 cota; 



cot*a; — 1 . ^ 3 cot*a; — 1 

-— — h cota; 

2 cota; 

13, sin 4 a; = sin |2 (2 a;) I = 2 sin 2 a; cos 2 a; = 2 (2 sina; 

cosa;) (1 — 2 sin* a;) = 4 (sina? — 2 sin' a;) cosa;. 

^- ^ - sin ia; 2 sin* 4^ a; 1— cosa; 

15. tan iX = f— = ^r— : S =: : , 

^ cos ^a; 2 sm ^a; cos ^a; sina; 
. - cos ix 2 cos* ix 1 + cosa; 

cot *x = ^— = = = ■ . 

^ sin ^a; 2 sin ^ a; cos ^a; sina; 

16. sin 18^ = i (\/5 - 1) = .3090170. cos IS** = 

i VlO 4- 2V5 = .9510565. tan 18° = - -^^ " ^ _ = 

V 10 4- 2^5 



^-^-^ = V| (5-2 V5) = .3249197. cot 18^ = 



10 + 2 \/5 

' ^ 0776835. 



Vio + 2V|^v^:j:^vB=3. 



V5^l 
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17. sin 3** = sin 18° cos 15** - cos IS'' sin 15** = 
i(V5-l)|i(V6+V2)|-iVlO+2V5l}(V6-V2)} 

= V3jM ,^5 - 1) - ^^""^ VsTVl = .0523360. 
8^2 8 

COS 3° = cos 18° cos 15° + sin 18° sin 15° = J Vl04- 2 V5 

lHV6+V2)j+Kv^-i)li(V6-V2)^=;^^^ 

(V5 - 1) + ^^^ ^ V5 + \/5 = .9986295. 

o 

V3 + 1 (^3 _ 1) _ Vj-l VFTVI 

8^2 ^ 8 



tan 8" = 



Viz;i(V5--l)+^^?^VFW! 
8V2 8 

V10--2 V5-2 



^ 4 = .0524078. 

1 + 2 V3 + V5 

eot 3° = i,±l^l^^ = 19.081137. 
VlO-2 V5-2 
B}^ using sin 2 a? =2 sin a; cos aj, and cos 2a:=cos*a5 — sin*a?, we 

find sin 6° = -- (V5 + 1) + -^^5-^5 = .1045285, 

8 4 V2 

cos 6^ = :^ (VB + 1) + -^ ^5-V5 = .9945219, 
8 ^ 4V2 

sin 12°= -:^(v/5-l) + -V^5 + VS= .2079117, 

8 4V2 

cos 12° = - (\/5 - 1) + -^V5 + V5 = .9781476, 
8 4 V2 

sin 24° = ^ (\/5 + 1) - -^ ^5-^5 = .4067366, 
COS 24° = i (VB + 1) + -^ V5-V5 = .9135454. 



t ' 



ICEY TO TKIGONOMETRY. 73 



FORMUL-ffl FOR RENDERING CALCULABLE BY 
LOGARITHMS THE ALGEBRAIC SUM OF 
TRIGONOMETRICAL FUNCTIONS. 

Page 30, 62. 

sin X sin y smaj smy 

sin (x + y) 
sin a; siny 

1.1 cosy 4- cosa; 

2. seca? + secy = h ^ ?= — = 

cos a? cosy cos a? cosy 

2 cos i{x-\-y) cos j (x—y) 
cosaj cosy 

11 cosy — cosaj 

3. seca? — secy = = — = 

cos a? cosy cosaj cosy 

2 sin i{X'\-y) sin j {x—y) 
cosaj cosy 
4 and 5. See (57.) 

sina; -|- siny _ 2 sin j (x + y) cos ^ (a; — y) _ 
cosa; + cosy ~" 2 cos ^ (a; -f y) cos ^ (a? — y) "~ 

tan I (a + y). 
_ sina? — siny 2 cos + (a: + y) sin 4 (a? — y) 
cosa; 4- cosy 2 cos i {x -i-y) cos ^ (a; — y) 

tan I (a? — y). 
^ sinaj + siny _ 2 sin J (a? + y) cos i (x -- y) _ 
cosa5 — cosy ~" — 2 sin ^ (a; 4- y) sin ^ (a; — y) ~ 

-cot J (x — y). 
Q sina? — siny _ 2 cos i^ (a? -|- y) sin i (x — y) __^ 
cosaj — cosy "" — 2sin^(a; + y) sin^ {x — y)"^ 

—cot I (a; + y). 
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CONSTRUCTION AND USB OF TRIGONOMBT- 

RICAL TABLES. 

Page 35, 70« 

4. cos 42° 27' = .73787. cos 42^ 28' = .73767. .73787 

- J X 20 = .73783 = cos 42^ 27' 12". tan 42° 27' = .914727. 
tan 42^ 28' = .915261. .914727 -f J x 534 = .914834 = 
tan 42° 27' 12". cot 42° 27'= 1.09322. cot 42° 28' = 
1.09258. 1.09322 - J x 64 = 1.09309 = cot 42° 27' 12". 

5. cos 151° 23' = sin (151° 23' - 90°) = sin 61° 23' = 
.877844. tan 132° 36' = cot (132° 36' - 90°) = cot 42° 36' 
= 1.08749. cot 116° 7' = tan (116° 7' - 90°) = tan 26° 7' = 
.490256. 

7. log sin 24° 28' = 9.617172. 9.617172 - 26 x 4.62 = 
9.617052 = log sin 24° 27' 34". log cos 26° 12' 20" = 
9.952918 - 20 X 1.04 = 9.952897. log tan 26° 12' 20" = 
9.692019 + 20 X 5.31 = 9.692125. log cot 126° 23' 50" = 
log cot (180° - 126° 23' 50") = log cot 53° 36' 10" = 9.867623 

- 10 X 4.41 = 9.867579. 

9. sin-i .62592 = 38° 45'. sin 38° 45' - sin 38° 44' = 22. 
38° 45' - ^ X 60" = 38° 44' 35", etc. 

cos-^ .34257 = 69° 58'. cos 69° 57' - cos 69° 58' = 27. 
69° 58' - i4 X 60" = 69° 57' 36", etc. 

97" 
tan-^ .468434 = 25° 6'. tan""^ .468531 = 25° 6' + t^ = 

o.uo 

25° 6' 16", etc. cot"^ .876462 = 48° 46'. cor^ .876434 = 
48° 46' + ^ = 48° 46' 3", etc. 

10. sin-^ .34257 = 20° 2'. sin 20° 2' - sin 20° 1' = 28. 
20° 2' - ^ X 60" = 20° 1' 58". 180° -f 20° 1' 58" = 200° 
1' 58", etc. = sin-^ (-.34256). sin"^ .62592 = 38° 45'. 
sin 38° 45' - sin 38° 44' = 22. 38° 45' - ^ x 60'.' = 38° 
44' 38" = sin-^ .62584. cos"^ ( - .62584) = 90° + 38° 44' 38" 
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= 128^ 41' 38", etc. tan"^ 3.41604 = 73° 41'. 73^ 41' + 

i^ = 73° 41' 3". tan-^ (-3.41621) = 180° - 73° 41' 3" 
0.01 

= 106° 18' 57", etc. 

12. log cos-^ 9.778119 = 53° 8'. 53° 8' - ^ = 53° 7' 

2.81 

49". 360° - 53° r 49" = 306° 52' 11". 

13. log cos-^ 9.246775 = 79° 50'. 79° 50' - ^^ = 79° 

49' 55". 360° - 79° 49' 55" = 260° 10' 5". log cos-^ 9.889374 

2" 
= 39° 11'. 39° 11' + y^ = 39° 11' 1". 360° - 39° 11' 1" 

= 320° 48' 59". 

14. log tan-^ 9.895672 = 38° 11'. 38° 11' + ~ = 38° 

4.00 

11' 20". log tan-^ 10.531186 = 73° 36'. 73° 36' - ^ = 

^ 7.77 

73° 35' 43". log tan-^ 11.215592 = 86° ^1'. 86° 31' + 
721" 



34.64 



= 86° 31' 21". 



15. log cot-^ 10.008591 = 44° 26'. 44° 26' - |^ = 44° 



S4" 



25' 37". log cot-^ 9.638302 = 66° 30'. 66° 30' - ^ = 

241" 

66° 29' 54". log cot-^ 9.436570 = 74° 43'. 74° 43' - ^^ 

= 74° 42' 31". 

17" 

17. log sin-^ 9.653808 = 26° 47'. 26° 47' -|- ^ = 26° 

47' 4". Now cos (90 + «?')= -sin a/. .-. a; = 90° -f 26° 
47' 4" = 116° 27' 4". 

18. log cot-^ 9.884196 = 52° 33'. 52° 33' + -^ = 52° 

33' 15". Now tan (90° -f »') = -cot xf. .-. a? = 90° + 
52° 33' 15" = 142° 33' 15". 
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19. None. 

20. log tan-* 9.564202=2(y* S'. 20** 8'+ ^=20*8' 15". 

^ 6.57 

Now cot (90* + a^) = —tan oi . .-. a? = 90* + 20** S' 15" = 
110* 8' 15". 

21. 1<^ sin-* 9.562468 = 21** 25'. .-. a? = 90* + 21* 25' 

= 111* 25'. log cot-* 10.764141 = 9* 46'. 9** 46' - -^^ 

= 9* 45' 54". .-. a? = 90* + 9* 45' 54" = 99* 45' 54". log 
(—sin X) = 8.886432 is impossible when x< 180*. log 

421" 
tan-* 11.151740 « 85* 58'. 85* 58' + ^^ ^ 85* 58' 14". 

.-. aj = 90* + 85* 58' 14" = 175* 58' 14". 

22. 10 + log 2.16145 == 10.334745. Ic^ tan"* 10.334634 

= 65* 10'. log tan-* 10.334745 = 65* 10' +11^- = 65* 

5.52 

lO' 20". 

23. log cos 35* 23' - 10 = 1.911315. 1<^» 1.911315 = 
.57904 = cos 35* 23'. tan"* 2 = log tan"* (10 + log 2) = 
log tan-* 10.301030. log tan-* 10.300999 = 63* 26'. .-. log 

tan-* 10.301030 « 63* 26' + ^^ = 63* 26' 6". 

5.26 

24. log 1.82645 + 10 = 10.261608. log cof* 10.261629 

= 28* 42'. .-. log cot-* 10.261608 = 28* 42' + -?-- = 28* 

5.00 

42' 4". .-. a? = 90* + 28* 42' 4" = 1 18* 42' 4". log .42536 

+ 10 = 9.628757. log sin-* 9.628647 = 25* 10'. .-. log 

110" 
sin 9.628757 = 25* 10' + ^ = 25* 10' 25". .-. a? = 90* + 

4.4o 

25* 10' 25" =115* 10' 25". 

25. tana? = . .•. log tan x = log sin x — log cos a?. 

cosaj o o o 

Now the tabular logarithmic trigonometrical functions are all 
10 too great. But if we subtract tabular logarithmic cosine 
from tabular logarithmic sine the lO's are removed, and hence 



\ 
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we shall have to add 10 to their difference to obtain the tabu- 
lar logarithmic tangent. Similarly for logarithmic cotangent. 
Since tan x cot « = 1, log tan x -|- log cot a; = 0, or tabular 
log tan + tabular log cot =10 + 10 = 20. Since the sum 
of tabular log tan and tabular log cot is always 20, any in- 
crease in one will cause the same decrease in the other, and 
hence one column of tabular differences will be sufficient. 

Page 43, 82. 

2. log sin 56' 26" = 4.685575 + log 3386 - .000020 = 
8.215242. log tan 56' 26" = 4.685575 + log 3386 + .000039 
= 8.215301 . log cot 56' 26" = 20 - log tan 56' 26" = 20 - 
8.215301 = 11.784699. 

3. iog cos 88* 17' 44" = log sin 1^ 42' 16" = 4.685575 + 
log 6136 - .000064 = 8.473396. log tan 88*^ 1 7' 44" = 20 - 
log tan V 42' 16" = 20 - (4.685575 -|- log 6136 -f- .000128) 
= 20 - 8.473588 = 11.526412. log cot 88° 17' 44" = 
8.473588. 

6. log cotr^ 12.197148 = log tan"^ 7.802852 = 21' 49".8. 
logo: = log tanic" - 4.685575 - Diff. = 7.802852 - 4.685575 
- .000006. .-. a" = 1310". log cor^ 12.197148 = 21' 50". 

TRIGONOMETRICAL SOLUTION OP PLANE 

TRIANGLES. 

Page 45, 84. 

1. Referring to Fig. 12, sin B = cos C = f , cosec B = 
sec C = f , tan B = cot C = f , cot B = tan C = f , cos B = 
sin C = f , sec B = cosec C = |. The functions are the 
same when the sides are 6, 8, and 10. 

ft 

3. B = tan-^ 2 = sec"^ VT~+¥ = sec"^ V5 = cos"^ iV6. 
cos C = Vl — cos^ B = Vi — i = i V5. .-. C = cos"^ 
I VS. 6 = acos C = 12 X J V5 = ^V5. c = acosB=: 
12xiV5 = J^V5. 
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b 

4. 6 = 20, c = 32. tan B = - = f . tan C = f . sec C 

= Vl +tan*C = Vl -h M = i ^^' ••• ^ = ^ sec C = 
20 X i V89 = 4 V89. 

5. a = 120, 6= 100. sin B = iM=f • cos B = Vl-(f)* 
= i Vrr. .-. tan B = f -h J Vil = ^ Vll. cot C = 
^ Vil. .-. cosec C = Vl 4- K = A V^ll- c = a -5- 
cosec C = 120 ■*- A Vil = 20 VH. 

EXAMPLES. 
Page 46, 84. 

2. A C = 6 = 94.6, C = Se** 30'. A = 90** - 56** 30' = 33** 
30'. a = b sin A = 94.6 sin 33° 30' = 94.6 X .55194 = 52.21. 
c = 6 sin C = 94.6 sin 56° 30' = 94.6 x .83389 = 78.89. 

3. B F = d = 127.9, B = 40° 10' 30". F = 90° - 40° 10' 
30" = 49° 49' 30". 6 = d sin B = 127.9 x sin 40° 10' 30" = 
127.9 X .64512 = 82.51. f=d cos B = 127.9 X cos 40° 
10' 30" = 127.9 X .76408 = 97.73. 

4. DE = c=75, CE=d = 50.59. tan D = d -^ c = 
50.59 -*- 75 = .674533. .-. D = 34° 0' 3''. C = 90° - D = 
20"" - 34° 0' 3" = 55*^ 59' 57". E = d -f- sin 34° 0' 3" = 
50.59 -*- .5592 = 90.47. 

5. c D = e = 264, c E = d = 135.97. sin D = d -f- e = 
135.97 -*- 264 = .51504. .-. D = 31°. C = 90° - 31° = 
59°. c = e sin C = 264 X sin 59° = 264 x .85717 = 226.29. 

6. BC = a = 435, B = 44°. C = 90° - 44° = 46°. 6 = a 
sin B = 435 X sin 44° = 435 X .69466 = 302.18. c =z a 
cos B = 435 X cos 44° = 435 x .71934 = 312.91. 

7. BC = a = 64, CA = 6 = 51.778. sin B = 6 -^- a = 
51.778 -5- 64 = .80903. .-. B = 54° 0' 3". C = 90° - 54° 
0' 3" = 35° 59' 57". c = a sin C = 64 x sin 35° 59' 57" = 
64 X .58778 = 37.62. 

8. B C = a = 749, A C = 6 = 548.255. sin B = 6 -5- a == 
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548.255 -^ 749 = .73185. .-. B = 47° 3' 9". C = 90° - 
47° 3' 9" = 42° 56' 51". c = a cos B = 749 x cos 47° 3' 9" 
= 749 X .68133 = 510.31. 

9. a = 125.7, B = 75° 12' 23". C = 90° - 75° 12' 23" = 
14° 47' 37". c = a sin C = 125.7 X sin 14° 47' 37" = 125.7 
X .25534 = 32.096. 6 = a cos C = 125.7 X cos 14° 47' 37" 
= 125.7 X .96685 = 121.53. 

10. h = 388.875, C = 27° 38' 50". B = 90° - 27° 38' 50" 
= 62° 21' 10". c = & tan C = 388.875 X sin 27° 38' 50" = 
388.875 X .523837 = 203.7. a = 6 -^ cos C = 388.875 -^ 
cos 27° 38' 50" = 388.875 ^ .88582 = 439. 

12. A C = 6 = 340, A B = c = 200. sin C = c 4- 6. 
.-. log sin C = log c — log ^ 4- 10 = 9.769551. .-. C = 36° 
1' 54". A = 90° - 36° 1' 54" = 53° 58' 6". a = 6 sin A. 
.-. log a = log 6 + log sin A — 10 = 2.439262. .-. a = 
274.95. 

13. AB = c = 736.3, BC = a = 500. tan C = c -j- a. 
.-. log tan C = log c — log a + 10 = 10.168085. .-. C = 
55° 49' 15". B = 90° - 55° 49' 15" = 34° 10' 45". 6 = c 
-5- sin C. .-. log b = 2.949400. .-. h = 890.02. 

14. BD =/= 246.32, DF = & = 380.07. tanF=/-4-6. 
.-. log tan F = log/- log 6 + 10 = 9.811636. .-. F = 32° 
56' 49". B = 90° - 32° 56' 49" = 57° 3' 11". d = / -5- 
cos B. .-. log d = log /— log cos B 4- 10 = 2.656011. 
.-. d = 452.91. 

15. A B = c = 249, A = 29° 14'. C = 90° - 29° 14' = 60°. 
46'. 6 = c -5- sin C. .-. log h = log c — log sin C -f 10 = 
2.455365. .*. h = 285.341. a — c tan A. .*. log a = log c 
-f log tan A - 10 = 2.144112. .-. a = 139.35. 

16. AC = 6 = 95.75, BC = a = 60. sin A = a -i- b. 
.-. log sin A = log a - log 6 -f- 10 = 9.797012. .-. A = 38° 
48' 7". C = 90° - 38° 48' 7" = 51° 11' 53". c = 6 cos A. 
.-. log c=log 6+log cos A — 10=1.872853. .-. c=74.62. 

17. BC=a=364.3, A=50°45'. 6=a-^sinA. .-. log 6 
= log a - log sin A + 10 = 2.672498. .-. b = 470.434. 
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c = a cot A. .*. log c =« log a + log cot A — 10 = 2.473699, 
.-. c = 297.645. 

GENERAL APPLICATIONS. 

Page 48. 

1. The area = 28 x 30 x sin 75° = 28 x 30 x .96593 = 
811.37. 

2. The rise = 463.25 x sin 3° = 463.25 x .05234 = 24.247. 

3. Grade = sin"^ (150 -h 3000) = sin~^ .05 = 2° 52'. 

4. Apothem = 6 X cot-^° = 6 x cot 25° 42' 51" = 6 X 
2.07654 = 12.459. Radius = 6 -f- sin ^^'' = 6 -*-. sin 25° 42^ 
51" = 6 ^ .43392 = 13.83. 

5. If in one of the 12 triangles which make up the dodeca- 
gon, we draw a perpendicular from the end of one of the 
equal sides upon the other, this perpendictlar, being the sine 
of 30° to the radius 12, will equal ^ of 12, or 6. Hence the 
area of one of the triangles is^x6xl2=:36, and of the 
12, 12 X 36 = 432. 

6. Height = 200 x tan 47° 30' = 200 x 1.09131 = 218.26. 

7. Angle of elevation = tan""^ (103 -*- 51.5) = tan"^ 2 = 
63° 26'. 

8. Diameter of base = 2 x 126 x sin ^ (52° 23') = 252 
X sin 26° 11' 30" = 252 x .44137 = 111.23. Altitude = 126 
X cos 26° 11' 30" = 126 X .89733 = 113.06. 

9. O M = E O -5- sin E M O. .-. log O M = log E O — log 
sin E M O -f- 10 = 5.377697. .-. O M = 238,615. 

10. Diameter = 2 x O M x sin J (31' 20") = 2 x 238,615 
X sin 15' 40". .-. log diam. = log 2 + log 238,615 + log 
sin 15' 40" - 10 = 3.337428. .-. Diam. = 5174.8. 
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OBLIQUE-ANGLED PLANE TRLaJ^QLBS. 

Page 52i 89. 

2. A = SS** 42', B =: 76° 27', A B = c = 142. c = 180° - 
(35° 42'+ 76° 27') = 67° 51'. sin C : sin A :: c : a. .-. log a 
= a,c. log sin C + log sin A + Ic^ c — 10 = 1.951655. .•. a 
= 89.47. sin C : sin B :: c : 6. .*. log 5 3= a. c. log sin C 
+ log sin B 4- logc - 10 = 2.173323. .-. 6 = 149.05. 

8. A = 23° 40' 32", B = 69° 39' 51", c = 100. c = 180° - 
(23° 40' 32" + 69° 39' 51") = 86° 39' 37". sin C : sin A :: 
c : a, .'. log a = a . c . log sin C + log sin A 4- logc — 10 
= 1.604487. .-. a = 40.22. sin C : sin B :: c ; 6. .-. log 6 
= a. clog sin C + log sin B -f log c — 10 = 1.972789. 
.-. 6 = 93.93. 

4. A B = c = 254.3, A C = 6 = 396.8, B = 94° 29'. b : c 
:: sin B : sin C. .•. log sin C = a . c . log 6 + log c -h log 
sin B - 10 = 9.805443. .-. C = 39° 42' 39". A = 180° - 
(94° 29' + 39° 42' 39") = 45° 48' 21". sin B : sin A :: 6 : a. 
.•. log a =a. clog sin B + log sin A -flog 6—10=2.455411. 
.-. a = 285.37. 

5. B = 40°, BD=/=400, DF = 6 = 350. 6:/::sinB 
: sin F. .'. log sin F = a . c log b + log/-f log sin B — 10 

= 9.866059. .-. F = 47° 16' 28", and 132° 43' 32". D = 
180° - (40° -h 47° 16' 28"), and 180° - (40° + 132° 43' 32") 
= 92° 43' 32", and 7° 16' 28". sin B : sin D^ :: 6 : dj. 
.*. log di = a. c log sin B 4- log sin Di -f- log 6 — 10 = 
2.735510. .-. di=543.89. sin B : sin D2 :: b : dg. .*. logdg 
= a . c log sin B + log sin D^ -f log 6 — 10 = 1.838511. 
.-. ^2= 68.95. 

6. a = 201, b = 140, B = 36° 44'. b : a :: sin B : sin A. 
.*. log sin A = a . c log b -|- log a -f log sin B — 10 = 
9.933836. .-. A = 59° 10' 11", and 120° 49' 49". C = 180° 
_ (36° 44' + 59° 10' 11"), and 180° - (36° 44' -|- 120° 49' 
49") = 84° 5' 49", and 22° 26' 11". sin B : sin C^ :: 6 : c^. 
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• *• log C2=a.c.log sin B+log sin C24-log 6—10=1.951034. 
.«. d = 89.34. sin B : sin Cj :: 6 : Ci. .*. log Ci = a . c . log 
sin B + log sin Ci -flog 6 — 10 = 2.367051. .-. Ci = 232.84. 

7. a = 180, b = 100, A = 127° 33'. a : 6 :: sin A : sin B. 
.'. log sin B = a . c . log a + log b -\- log sin A — 10 = 
9.643903. .-. B = 26'' 7' 59". C = 180^ - (127^ 33' + 26° 
T 59") = 26° 19' 1". sin A : sin C :: a : c. .-. log c = 
a . c . log sin A + log sin C + log a — 10 = 2.002830. .•. c 
= 100.65. 

8. a = 30.8, b = 54.12, B = 36° 42' 11". 6 : a :: sin B : 
sin A. .*. log sin A = a . c . log b -|- log a + log sin B — 10 
= 9.531653. .-. A = 19° 53' 7". C = 180° - (36° 42' 11" 
+ 19° 53' 7") = 123° 24' 42". sin B : sin C :: 6 : c. .-. logc 
:=a,c, log sin B -f log sin C -h log 6 — 10=1 .878447. . •. c 
= 75.59. But one triangle, since the side opposite is the 
greater. 

10. a = 1337.5, 6 = 493, A = 69° 46'. a : 6 :: sin A : 
sin B. .-. log sin B = a . c . log a + log 6 -f log sin A — 10 
= 9.538891. .-. B = 20° 14' 2". C = 180° - (69° 46' -|- 
20° 14' 2") = 89° 59' 58". sin A : sin C :: a : c. .-. log c 
= a .c , log sin A + log sin C -\- log a — 10 = 3.153956. 
.-. c= 1425.5. 

12. A B = c = 304, B C = a = 280.3, B = 100°. c -f- a : 
c — a:: tan ^ (c -f A) : tan i (C — A), or 584.3 : 23.7 :: 
tan 40° : tan J (C 4- A). .*. log tan ^ (C — A) = a . c . log 
(c + a) -h log (c-a)-i' log tan i (C + A) = 8.531925. 
.-. i (C - A) = 1° 56' 57". C = 40° + 1° 56' 57" = 41° 56 
57". A = 40° - 1° 56' 57" = 38° 3' 3". sin A : sin B :: a : 
6. .-. log 6 = a . c . log sin A -|- log sin B + log a — 10 = 
2.651139. .-. 6 = 446.857. 

13. A B = c = 103, A C = 6 = 126, A = 56° 30'. 6 -f- c : 
6 — c:: tan I (B + C) : tan ^ (B — C), or 229 : 23 :: tan 61° 
45' : tan |^ (B — C). .•. log tan J (B — C) = a . c . log 
(6 + c) 4- log (6 - c) 4- log tan i (B + C) = 9.271660. 
.-. J (B - C) = 10° 35' 16". B = 61° 45' + 10° 35' 16" = 
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72^ 20' 16", C = er 45' - 10° 35' 16" =51° 9' 44". sin B : 
sin A :: 6 : a. . •. log a=^a,c. log sin B + log sin A -f log h 
- 10 = 2.042448. .-. a = 110.267. 

15. a = 275, & = 300, c = 95.6. |p= 335.3, |p - a = 
60.3, ip-6=35.3, |p~c=239.7. log fc=i jlog {\p-a) 
+ log (iP - &) + log (i p - c) + a . c . log i p - 10| = 
1.591163. log tan i A = log A; - log (Jp - a) + 10 = 
9.810846. .-. A = 65° 47' 55". log tan | B = log k - log 
(1 p - 5) ^ 10 = 10.043388. .-. B = 95° 42' 52". log tan 
^ C = log A; - log (^ p - c) + 10 = 9.211495. .-. C = 18° 
29' 12". 

16. B D = a = 500, D F = 6 = 403.7, B F = c = 395.75. 
ip = 649.725, ii? - a = 149.725, | p - 6 = 246.025, i p- 
€ = 253.975. logA: = i |log {i p - a) + log (^ p - b) + 
log (i p — c) -h a . c . log I p — 10 j = 2.079167. log tan 
i A = log A; — log (i p — a) -f 10 = 9.903873. .-. A = 77° 
25' 14". log tan i B = log A; - log (^ p - 6) -f 10 = 
9.688188. .-. B = 52° 0' 2". log tan | C = log k - log 
(iP-c) + 10 = 9.674376. .-. C = 50° 34' 44". 

OBLIQUE-ANGLED TRIANGLES SOLVED BY 
MEANS OF RIGHT-ANGLED TRIANGLES. 

Page 56, 01. 

1. B F = d = 123.75, D F = 6 = 500, D F B = 120°. From 
B let fall a perpendicular B A on D F produced. B F A = 60°. 
FA = dcos BFA= 123.75 X cos 60° = ix 123.75 = 61.875. 

BA = d sin BFA= 123.75 X sin 60° = | Vs X 123.75 = 
107.17. F B A = 90° - 60° = 30°. DA = 6 + FA = 561.875. 
tan D = B A -^ D A. .*. log tan D = log B A — log D A -|- 10 
= 9.280453. .T D = 10° 47' 57". B = 60° - 10° 47' 57" 
= 49° 12' 3". B D = B A -^ sin D. .-. log B D = log B A — 
log sin D -f- 10 = 2.757400. .-. B D = 572.005. 

2. A = 70° 21', B = 54° 22', B C = a = 125. From B let 
fall a perpendicular B D upon AC. C = 180° — (70° 21' -f 
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W 22') = 55° \T. B D s= a sin C. .-. log B D =» log a + 
log sin C — 10 = 2.011770. C D = a cos C. .-. log C D = 
log a -f log cos C — 10 =; 1.852418. .-. C D = 71.19. c 
= B D -^ sin A. .". log c = log B D — log sin A 4- 10 = 
2.037828. .-. c=109.1. AD=BDcotA. .-. logAD = 
log BD + log cot A — 10 = 1.564520. .-. AD = 36.69. 
AC = 6 = CD + AD:= 71.19 + 36.69 = 107.88. 

3. A B = c = 98, B C = a = 95.12, C = 33** 21'. From B 
let fall a perpendicular B D upon AC. C 6 D = 90° — c = 
90° - 33° 21' = 56° 39'. B D = a sin C. .-. log B D = log a 
+ log sin C — 10 = 1.718439. C D = a cos C. .-. log C D 
= log a -f- log cos C — 10 == 1.900129. .-. C D = 79.46. 
sin A = BD-f-c. log sin A=l(^ BD—l<^ c-|- 10=9.727213. 
.-. A = 32° 14' 55". D B A = 90° - 32° 14' 55" = 57° 45' 5". 
B = D B A + C B D = 57° 45' 5" + 56° 39' = 114° 24' 5". 
D A = B D cot A. .'. 1(^ D A = log B D + log cot A — 10 = 
1.918465. .-. DA = 82.88. 6= C D + DA = 79.46-1-82.88 
= 162.34. 

4. D P = c cos D. .'. log D P = log c -♦- Ic^ cos D — 10 
= 2.599817. .-. DP = 397.94. CP = dcosC'. .-. logCP 
= log d -h log cos C' — 10 = 2.355213. .-. CP = 226.58. 
C D = 397.94 - 226.58 = 171.36. C' D = 397.94 -f 226.58 
= 624.5. 

5. A B = c = 460, B C = a = 340, A C = 6 = 280. From 
C let fall a perpendicular C D upon A 6. Call A D = n, D B 
= m. Then c : a + 6 :: a — 6 : m — n, or 460 : 620 :: 60 : 
m^-n. .-. m — n = 80.87. m= 270.435, n = 189.565. 
cos A = n -7- 5. .-. log cos A = log n — log 6 -|- 10 = 
9.830600. .-. A = 47° 23' 20". cos B = m -+• a. .-. log 
cos B = log m — log a + 10 = 9.900584. .-. B = 37° 18' 
26". C = 180° - (47° 23' 20" -f- 37° 18' 26") = 95° 18' 14". 

6. c = 40, a = 34, 6 = 25. c : a -f 6 :: a — & : m — n, or 
40 : 59 :: 9 : m — n. .-. m — n= 13.275. m = 26.6375, 
n = 13.3625. cos A = n -s- 6. .*. log cos A = log n — log 6 
-J- 10 = 9.727948. .-. A = 57° 41' 24". cos B « m -f- a. 
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.-. log COS B = log m — log a + 10 = 9.894014. .-. B = 38"* 
25' 20". C = 180° - (57° 41' 24" + 38° 25' 20") = 83° 
53' 16". 

7. c = 390, a =350, 6=270. c : a + b :: a — b : m--n, 
or 390 : 620 :: 80 : m — w. .-. m — n ^ 127.18. m = 
258.59, n = 131.41. cos B = m -«- a. .'. log cos B = log m 
- log a -f 10 = 9.868544. .-. B = 42° 22' 6". cos A = 
n-^b. .-. log cos A = log n — log 5 + 10 = 9.687264. 
.-. A = 60°^ 52' 33". C = 180° - (42° 22' 6" H- 60° 52' 33") 
= 76° 45' 21". 

8. a = 540, b = 450, C = 80°. From A let fall a perpen- 
dicular A D upon C B. C D = 5 cos C. .*. log C D = log b 
+ log cos C — 10 = 1.892883. -•. C D = 78.14. A D = 6 
sin C. .'. log A D = log b + log sin C — 10 = 2.646564. 
DB = a — CD = 540 — 78.14 = 461.86. tan B = A D -j- D B. 
.-. log tan B = 1(^ A D — log O B + 10 = 9.982054. .-. B 
= 43° 49'. A = 100° - 43° 49' = 56° 11'. c = A D -*- sin B. 
.-. log c = log AO - log sin B -+- 10 = 2.806236. .-. c = 
640.08. 

9. a = 109, 5 = 76, C = 101° 30'. From A let fall a per- 
pendicular A D upon BC produced. Then A D = 6 sin A C D. 
.-. log A D = log 6 -f log sin A C D — 10 = 1.872007. C D 
= b cos A C D. .•. log C D = log b + log cos A C D — 10 = 
1.180469. .-. C D = 15.15. B D = a + C b = 109 + 15.15 
= 124.15. tan B = A D -r- B D. .•. log tan B = log A D — 
log BD 4-10= 9.778060. .-. B = 30° 57' 30 . A=180°- 
(101° 30' + 30° 57' 30") = 47° 32' 30". c = A D -^ sin B. 
.-. log c = log AD — log sin B + 10 = 2.160694. .-. c = 
144.8. 
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FUNCTIONS OP THE ANGLES OP A TRIANGLE 

IN TERMS OP ITS SIDES. 

Page 60, 94. 

2. a = 6,6=5,c = 4. i|> = 7.5, ^p — a = 1.5, ^p — 

6=2,5,ij>-c = 3.5. sin i A = JSmiS^^. 

.'. log sin i A=i |log (ip — 6)-flog iip—c) -^a.cAogb 
-f a . c . log c| = 9.820489. .-. A = 82° 49' 1(/'. sin ^ B = 

^^^""Ic*^""'^ ' ... log^in ^ B = i flog (ii) - a) -h 
log (iP"" c) + ^•^•log^ + ^•^•logc| =9.669974. .-. B 
55° 46' 16". sin i C = J3ZE^I3ZEI) . ...log sin |C 

=iMog (ip-a) +log(ip— 6) + a.c.loga + a.c.log5| 
= 9.548455. .-. C = 41° 24' 34". 

3. a = 8601.5, 5=7068, c = 4082. ip= 9875.75, ^p 
~a= 1274.25, ^ p-6=2807.75, i p~c=5793.75. sin ^ A = 

^^^""^6c*^""'^ ' .-. logsiniA = iflog(Ji>-5)4- 
log (^p —0)4- a. clog 5 -fct. clog c|= 9. 875574. .*. A = 
97° 20' 4". sin i B = MeE^SiEA. ... log sin ^ B 
=i ^l<>g (ii>— «) +log (il>— c) + « • c . loga -f a . c log c j = 
9.661384. .-. B=54°35'12". siniC = 



4 



(ii>"-«)(ij>~^) . 



\ a6 

.-. log sin i C=i|log(ii9--a) + log (ip-6) + a.c log a 
+ a . c log 6| = 9.384871. .-. C = 28° 4' 44". 

4. a = .5123864, b = .3538971, c = .3090507. ^ p = 
.5876671, Jp - a = .0752807, ^p - 6 = .23377, J^ - c = 



.2786164. tan I A = 



(ip-^^)(ip-c)^ ...log tan i A 



= i llog (iP - &) + log (i p - c) + a . c log i p + a . c 
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t 

l(^ (I jj_ a)} = 10.083988. .-. A=101°0'44". tan|B= 

l<>g i i>— c)+ ^'C- log ip 4- a. clog (^j9— 6)1=9.591883. 

... B = 42Mr6". taniC= IS^Z^^IZEi). ...log 

tan I C = i |log (ii?-a) + log (ip-ft) + « • c . log ^i? + 
a . c . log ( Jp - c) I = 9.515670. . •. C = 36° 18' 10". 

AREA OF PLANE TRIANGLES. 

Page 61, 96. 

1. log area = log 125.81 + log 57.65 -f log sin 57° 25' + 
a. clog 2 - 20 = 3.485110. .-. area = 3055.7. 

2. log area = log 103.5 + log 90 + log sin 100° + a . c . 
log 2 — 20 = 3.661504. .-. area = 4586.74. 

3. Area = V60 x 30 X 20 X 10 = 600 sq. ft. = 66f sq. 
yds. 

4. Area = \/45 x 25 x 15 x 5 = 75 VTs = 290.4737. 

5. Area = | x 30 x 40 X sin 28° 57' = 600 x .48405 = 
290.43. 

6. log g^rea = log 25 + log 21.25 + log sin 45° -^ a .c , 
log 2 - 20 = 2.273754. .-. area = 187.83 sq. ft. = 20.87 
sq. yds. 

7. a = 32, B = 80°, C = 60°. A = 180° - (80° + 60°) 

=40.° area=i a '5 • sin C=i a« — ; • sin C. .*. log 

** ^ sin A 

area = 2 log a -|- log sin B + log sin C + a . c . log sin A -f 

a . c . log 2 — 30 = 2.832085. .-. area = 679.34. 

8. a = 45, B = 70°, C = 69° 40'. A = 180° - (70° 4- 69° 
40') = 40° 20'. log area =2 log a -f log sin B + log sin C 
+ a . c . log sin A + a . c . log 2 — 30 = 3.139378. .•. area 
= 1378.41. 
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9. A = 73* 10', B = 90'' 50', b « 75.3. C = 180^ - (73*^ 
10' + 90' 50') = 16^ log area = 2 log 6 + log sin A + log 
sin C -f a. c. 1<^ sin B + a. c. log 2 — 30 = 2.873925. 
.-. areas 748.04. 

PRACTICAL APPLICATIONS. 

Page 62. 

1. Length of arc 1° = C L cos E C L x 2;r -!- 360. .•. log 
arc 1° = log C L + log cos E C L + logyr + a. c. log 180 — 
20 = 1.708395. .-. arc T = 51.1. 

3. Let C N P = a, C N'P = (3, C P N = a;, C P N' = y. 
Then sino; : sina :: C N : C P ; also siny : sinjS :: C N : C P. 
.-. sinx : sina :: siny : sin/^, or sinx : sin^ :: sina : sin^. 
By composition and division, sinaj + siny : sina; — siny :: 
sina -f sin^ : sina — sin|3, or tan i {x + y) : tan ^ (« — y) 
:: tan ^ (a -f /3) : tan i (a — j3). a? + y = P N Z -h P N'z' — 
N C N' = r 23' 18". i{x-\'y)= 41' 39". a - |3 = P N'z' 
- P N Z = 3° 48' 36". i (a - /3) = r 54' 18". a-^^ = 
360° - (P N Z + P N' Z') = 266° 22' 42". i (a + /3) = 133° 
11' 21". Now, log tan ^ (a? — y) = log tan ^ (« + y) + a. c. 
log tan J (a + |S) 4- log tan ^ (a - j3) - 10 = 6.577824. 
•'• i (^""2^) = 1' 18".028. t&n i (x — y) being negative, 
y>x, .-. 2^ = i (a? + y) + i (a; - y) = 42' 57".028 ; x = 
i (« + y) — i (« — 3^) = 40' 20".972. Now we may take 
sina; : sin a :: C N : C P, whence log C P = a . c . log sina: + 
log sin a -h log C N — 10, or siny : sinji^ :: C N : C P, whence 
log C P = a. c. log sin y + log sin ^ + log C N — 10. .*. log 
C P = 5.376493, and C P = 237,954. 

4. BD= — ; ; CD^BDsinDBC. .*. CD = 

sin A O B 

ABsinDABsinDBC , '^ , ^«,i • r.i.« 

; . .*. log C D=log A B + log sm D A B 

sin A D B ^ 6 ^ o 

+ log sin DBC + a. c. log sin ADB — 20 = 2.769093. 
.-. CD = 587.61. 
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6. The area of any regular polygon of n sides, the length 
of each side being a, is easily seen to be —r- cot . In 

the hexagon, area = -^ — cot 30**= 150x1.73205=259.8. 

8 yc 10* 
In the octagon, area = —^ cot 22** 30' = 200 x 2.41421 



= 482.84. 



5 X 12 __^ rtrto 



6. In the pentagon, area = -—g — cot 36**= 180 X 1 .37638 

10 X 12* 
= 247.74. In the decagon, area = — ^ cot 18°=360 x 

8.07768 = 1107.96. 

7. ACB = 180° — (CAB + CBA) = 45^ sin ACB: 
sin A B c :: A B : A c. .*. log A C = a. c. log sin A C B + 
log ABC -h log AB — 10 = 1.929978. .'. AC = 85.11. 
A D B = 180"* — (DAB-fABD) = 30°. sin A O B : sin A B D 
:: A B : A D. .*. log a D=a. c. log sin A b B4- log sin A B D 
+ log A B — 10 = 2.246965. .-. A D = 176.59. A D -h A C 

: AD — AC :: tan J (ACD4- ADC) : tan J (AC o— A DC), 
or 261.7 : 91.48 :: tan 57° : tan I (Aco — ADC). .-. log 

tan^(ACDr-ADC)=a. C. log (AD-fAC) + log (AD — AC) 
4-log tan |(ACD4-A DC)— 10=9.731005. .-. |(ACD- 
A D C) =28° 17' 33". A C D=85° 17' 33", A D C=28° 42' 27". 
sin ADC : sin CAD :: AC : CD. •*• log CD=a. o. log sin 
A DC-l-log sine AD -flog AC— 10= 2.209161. .-. CD = 
161.868. 

8. In triangle ADB, AD B = 180° — (DAB -f AB D) = 
123° 45'. sin A D B : sin A B D :: A B : A D. .-. log A D = 
a . c . log sin A D B + log sin A B D + log A B — 10 = 2.727983. 

A p3 4_ A~C* B~P* 

.-. AD = 534.543. cos BAC = ° ^ ^^ = |. 

2 AB X AC ® 

.-. BAC = 28° 57' 18". DAC= BAC-BAD = 6° 27'18". 
AC+AD : AC— AO :: tan i (adc+acd) : tan^ (ADC — 
ACD),or 1134.543 : 65.457:: tan 86° 46' 21" : tan HAD C- 
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A CD). .-. log tan I (ADC — A CD) =a.C. log(AC + AO)4- 
log ( A C - A D) -f- log tan i (A D C + A C D) -- 10 = 10.009930. 
.-. ^ (ADC - ACD) = 45° 39' 18". ACD = 4r 7' 3". 

sin A p c : sin A c P :: A c : A P. .-. log A p = a. c. log 

sin ARC + log sin AC P-h log AC -10 = 2.851377. .-. AP 

= 710.19. sin APC : sin CAP ;: AC : CP. .-. logCP = 

a. c. log sin A P C + log sin C A P + log A C — 10=3.018086. 

.-. CP = 1042.52. BAP = CAP — CAB = 76'' 10' 39". 

APB = APC-|-CPB = 56° 15'. sin A P B : sin B A P :: A B 

: B p. .-. log B P = a. c. log sin A P B 4- log sin B A P + 

log A B — 10 = 2.970481. .-. B P = 934.29. 

Another form of solution may be outlined as follows : 

Find the angle A C B. Let B C = 6, C B=a, A P C=«, C P B 

= (i, CAP = a;, CBP = y; then a; -|- y = 360° - (a-j-f^ + c). 

Now sin a : sin a: :: 6 : PC, also sin ^ : sin y :: a : P c. 

^ ^ 6 sin a? a sin y ^^ ^, . sin a; a sin a 

.-. PC = — = — ; — /. From this, -; = , . .. = 

sin a sm p sm y b sin (i 

tan qp (say). By composition and division, 

sin a? — sin V tan 4 (a; — y) tan qp — 1 ^ , ,^q. 

^ = - — 1-) — —^ = - — z — = tan (op — 40**) . 

sin a; -|- sin y tan ^ (x -\- y) tan qp + 1 

.*. x — y can be found, and consequently x and y. Then, 

sin a : sin* a? :: b : PC, sin a : sin AC P :: 6 : A p, sin pi : 

sin P c B :: a : P B. 

9. B}' forming a right-angled triangle, with the line from 

the top of the mountain to the centre of the earth as the 

hypotenuse, the radius and the tangent as the other sides, 

we see that the angle at the centre is equal to the angle of 

aj 

depression, O. Let x be the radius ; then cos O = -. 

^ ' ' a; + 3 

,\ x= = 3 cot O cot i O, or diam. = 6 cot o 

1 — cos O 

cot ^ o. .-. log diam. = log 6 + log cot O + log cot J O — 

20 = 3.900818. .-. Diam. = 7958.3. 

10. Diameter = 2 x 91,430,000 X sin 16' 1".7. .-. Diam. 
= log-^ 5.930732 = 852,574. 
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11. Assuming radius = 3962.8, we have to solve a triangle 
whose hypotenuse, ^=3962.8-1-^^^=3962.8904, and side, r 

= 3962.8. .-. other side = >/¥^^ = ^{h^r){h-r). 
.'. log other side = ^|log (A + r) -f- log (h — r) j =1.427602. 
.". distance = 27.— miles. 

'ic^ -oi. . i.T^ • -r. A ^^ ABsinDABsinDBC 

12. Referring to Fig. m Ex. 4, C D= ; . 

^ ' sin A D B 

.•. log C D = log A B -f- log sin D A B -f- log sin D B C + a . c . 
log sin A D B — 20 = 2.971163. .-. C D = 935.757. 

iQ 1 -^ inn 602 -f- 80^ - 100* 

13. cos angle opposite 100 = ^ — = 0. 

.*. angle = 90°, and the figure is a rectangle. 

14. Height = 8 x tan 10° = 8 X .176327 = 1.41. 

15. Distance = 3962.8 -5- sin 8".94 = log"^ |log 3962.8 + 
a. c. log sin 8".94| = log^^ 7.961089 = 91,430,000. 
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• SPHERICAL TRIGONOMETRY. 



PROJECTION OF RIGHT-ANGLED SPHERICAL 

TRIANGLES. 

Page 67, 100. 




Frs. 14 a. 




Ftff. 15 a. 



Queries. Yes. dcf and A a' will always intersect. 
2, 3, and 4. See Figs. 14a, 15a, and 16a. 




Page 68, 101. 
Queries. No, to all. 
1, 2, 4, and 5. All impossible, because ddf and A A' do 
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not intersect. Query. 90°, because dd' and A A' must then 
coincide in order to have a triangle. 

Page 69i 103. 





Flff. 17 a. 



Fig. 18 A* 



Query. Yes. 

2, 3, and 4. See Fios. 17a, 18a, and 19 a. 




Fiflj. 19 «. 

Page 70 104. 

Queries. When the small circumference and the ellipse 
intersect. YHien they are tangent to each other. When 
they do not meet. Right-angled. B > 90°, 6 > B . B < 90°, 
6<B. No. No. 

5. Impossible. 
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PROJECTION OP OBLIQUE-ANGLED SPHERICAL 

TRIANGLES. 

Page 71, 106. 





Flo, 2J a. 



Query. Yes. 

1 and 2. See Figs. 20 a and 21a. 




Fl8<22a» 



Page 72, 107. 

2, 4, and 5. Impossible. 

3. See Fig. 22 a. 

Page 73, 109. 

Queries. In both cases, dcT and 
ee' do not intersect. 

1. Fig. 40 illustrates the method , 
projecting upon a. 

3 and 4. Impossible, 



SOLUTION OP RIGHT-ANGLED SPHERICAL 

TRIANGLES. 

Page 75, 117. 

2. The circular parts are comp C, comp a, and 6. comp 
C is the middle part, and the extremes are adjacent.' 

3. The circular parts are c, &, and comp B. c is the middle 
part, and the extremes are adjacent. 

4. Answers same as in 2. 
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5. comp B, comp C, and &, are the circular parts. . comp 
B is the middle part, and the extremes are opposite. 

6. comp a and comp B. c and comp C. comp a and 
comp C ; h and comp B. h and comp C ; c and comp a. c 
and comp B ; h and comp a, b and c; comp B and comp C. 

8. n, 0, comp m, comp ^, and comp O. o, comp O, and 
comp m are the circular parts, and the extremes are opposite. 

9. o and comp N. n and comp m. n and o; comp O and 
comp N. comp m and comp O ; n and comp N. comp m 
and comp N ; o and comp O. 

Page 82, 128. 

2. a = 86^ 51', B = 18° 3' 32". sin 6 = sin a sin B. b< 

90°. log sin 5 = log sin a + log 

sin B - 10 = 9.490309. .-. 6 = 18° 

1' 50". cot C = cos a -^ cot B. C 

< 90°. log cot C = log cos a — log 

cot B + 10 = 8.252833. .-. C = 

88° 58' 28". tanc = cos B -s- cot a. 

c < 90°. log tan c = log cos B — 

log cot a + 10 = 11.237476. .-. c 

=86°4ri5". ChecJc. sin6=tanc 

cot C, or log sin b = log tan c -f log 

cot C — 10. 

3.6= 155° 27' 54", c = 29° 46' 8". cos a = cos 6 cos c. 

a > 90°. log cos a = log cos b 4- log 
cose -10 = 9.897439. .-. a =142° 
9' 13". cot C = sin 6 -^ tan c. C < 
90°. log cot C = log sin b — log tan 
c + 10 = 9.860925. .-. C = 54° 1' 
16". cot B = sin c -h tan b. B > 90°. 
log cot B = log sin c — log tan b -f 
10=10.036515. .-. B=137° 24' 
Fiff. 24 a, 21". Check. COS a = cot B cot C, or 

log cos a = log cot B -H log cot C — 10. 




Flffi 23 ck. 




96 



KEY TO TBIGONOMETBY. 




Ffff. 25 a. 



4. c = IS"" 41' 35", B = 99° 17' 83"- cot a = cos B -j- 
tan c. a > 90®. log cot a = log cos B — log tan c •+■ 
10 = 8.674307. .-. a = 92° 42' 17". cos C = cose sin B. 
C < 90°. log cos C = log cos c + log sin B — 10 =9.442634. 
. • . c = 73° 54' 46". tan 6 = sin c -f- cot B. b> 90°. log 
tan b = log sin c - log cot B + 10 = 10.768327. .-. & = 99° 

40' 30". Check, cos C=tan b cot a, 
or log cos C = log tan b + log cot a 
-^10. 

5. B « 47° 13' 43", C = 126° 
40' 24". cos a = cot B cot C. a > 
90*^. log cos a = log cot B -f log 
cot c — 10 c= 9.838135. .-. a = 
133° 32' 26". cos c=cos C -f- sin B. 
c>90°. log cos c = log cos C — 
log sin B + 10 = 9.910421. .-. c 

— 144° 27' 4". cos 6 = cos B -f- sin C. 6 < 90°. log cos b 
= log cos B - log sin C + 10 = 9.927714. .-. 5 = 32° 8' 
55". CJieck, cos a = cos b cos c, or 
log cos a = log cos b -f log cos c 
-10. 

7. 6 = 160°, B = 150°. Two so- 
lutions, sin a = sin 6 -f- sin B. a 
< 90°, > 90°. log sin a = log sin 5 

— log sin B -h 10 = 9.835082. .-. a 
= 43° 9' 37", 136° 50' 23". sin c = 
tan b cot B. c > 90°, < 90°. log 
sin c = log tan b + log cot B — 10 
= 9.799627. .-. c = 140° 55' 9", 39° 4' 51". sin C = cos B 
-i- cos b, C > 90°, < 90°. 1(^ sin C = log cos B — log cos b 
-j- 10 = 9.964545. .-. C = 112° 50' 17", 67° 9' 43". 

Check, sine = sin a sin C, or log sine = log sin a + log 
sin C — 10. 

8 and 9. No solution, since sin &> sin B. 

10. 6 = B = 65° 23' 12". Projection like Fig. 35, p. 109. 




FIs* 36 a. 
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sma=: Binb -i- sin B = 1. .•. a = 90°. sine = tanft cot B 
= 1. .-. c=90^ sin C = cos B-f-cos6=l. .-. C = 90^ 

11. C = 60° 47' 24".3, B = 57^ 16' 20".2. cosa = cot B 
cot C. a< 90°. log cosa = log cot B -|- log cot c — 10 = 
9.555485. .-. a = 68° 56' 28".9. cos & = cos B -r- sin C. 
b < 90°. log cos 6 = log cos B — log sin C + 10 = 9.791980. 
. •. 6 = 51° 43' 36".3. cos c = cos C -s- sin B. c < 90°. log 
cos c = log cos C — log sin B + 10 = 9.763505. .-. c ^ 54° 
32' 32". 2. 

Check, cosa = cos6 cose, or log cosa = log co&b + log 
cose — 10. 




FIs* 27 m. 
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12. b = 16°, e = 116'. cos a = cos b cos c. a > 90°. 
log cos a = log cos 6 + log cos e — 10 = 9.624684. . •. a = 
114° 55' 25". cot B = sin C -^ tan 6. B<90°. log cot B 
= log sine - log tan 6 + 10 = 10.496164. .-. B = 17° 41' 
40". cot C = sin & -*- tan c. C > 90°. log cot C = log sin b 
- log tanc+ 10 = 9.128520. .-. C = 97° 39' 24". aieck. 
cosa = cot B cot C, or log cosa =1<^ cot B + log cot C — 10. 



QUADRANTAL TRIANGLES. 

« 

Page 84, 120. 

1. = 104° IS', C' = 161° 23'. cot a' = cos C' -*- tan b\ 
a'< 90°. .-. log cot a' = log cos C — log tan 6' + 10 = 
9.383024. .-. a' = 76° 25' 11". cos B' = cos 6' sin C\ B' 
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> 90°. log COS B' = log COS h' + log sin C' — 10 = 8.896805. 
.-. B'=94°3r2r. tan c' = sin 6' -5- cot C. c'>90°. log 
tan (/ = log sin y- log cote' +10 = 9.513782. .-. c'=161° 
55' 20". Check, cos B' = tanc' cot C, or log cos B' = log 
tanc' -|- log cot C' — 10. 

2. a = 90% C = 42° 10', A = 115° 20'. A' = 180° - a = 
90°, c' = 180° - C = 137° 50', a' = 180° - a = 64° 40'. 
cos h' = cos rt' -5- cos c'. 6' >" 90°. log cos 6' = log cos a' — 
log coscf + 10 = 9.761393. .-. 6' = 125° 15' 36". sin C' 
= sine' -5- sin a'. C' > 90°. log sin C' = log sine' — log 
sin a' -h 10 = 9.870821. .-. C' = 132° 2' 13". cos b' = 
tanc' cot a'. B'>90°. log cosB'=log tanc' + log cot a' 
- 10 = 9.632214. .-. B' = 115° 23' 20". 

Check, cos B' = cos 6' sin C', or log cos B' = log cos h' -\- 
log sin C' - 10. B = 180° - «^' = 54° 44' 24", b = 180° - B' 
= 64° 36' 40", c = 180° - C = 47° 57' 47". 



SOLUTION OP OBLIQUE-ANGLED SPHERICAL 
TRIANGLES BY NAPIER'S RULES FOR RIGHT- 
ANGLED SPHERICAL TRIANGLES. 

Page 94, 142. 

4. A = 128° 45', C = 30° 35', a = 68° 50'. a' = 180° - 
A == 51° 15', c' = 180° - C = 149° 25', A' = 180° - a = 111° 
10'. sinp = sine' sin A'. p>90°. log sin p = log sin c' + 
log sin A' - 10 = 9.676204. .-. p = 151° 40' 32". One so- 
lution, tan A' D = cos A' H- cot c'. A' D < 90°. log tan A' D 
= logco8 A' -log cote' + 10 = 9.329198. .-. A'D=12°2' 
47". cot A' B' D = cos c' -^ cot A'. A' B' D < 90°. log cot 
A' B' D = log COS c' - log cot A' -f 10 = 10.347007. .-. A' B' D 
= 24° 13' 1". Check, sin p=tan A' D cot A'b' D, or log sin p 
= log tan A' D + log cot A' B' D — 10. 

sin C' = sin i) -^ sin a'. C' > 90°. log sin C' = log sin p 
- log sin a' + 10 = 9.784174. .-. C' = 142° 31' 40". cos 
D c' = COS a' -f- cos p, D C' > 90°. log cos D C' = log cos a' 
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-log COS J!) + 10 = 9.851903. .-. DC' = 135° 19' 15". 
cos D b' C' = tan p cot a'. D b' C' > 90°. log cos D b' c' = 
log tanp -h log cot a' — 10 = 9.636076. .-. DB'C'= 115° 
37' 55". Check, cos D B' C'= cos D C' sin C', or log cos D B' C 
= Ic^ cos DC' + log sin C' — 10. 6' = a'd + D C' = 147° 
22' 2;'. B' = A'B'D -f DB'C' = 139° 50' 56". B = 180° 
~b'= 32° 37' 58", b = 180° - B' = 40° 9' 4", c = 180° - 
C' = 37° 28' 20". There will be two solutions of the polar, 
when a' is intermediate in value between p and both c' and 
180° — c'; none when a' lies bej^ond these. In the original 
triangle, there wiU be two solutions when A is intermediate 
in value between 180° — p, and both C and 180° — C ; none 
when A lies be^^ond these. 

5. A = 129° 5' 28", B = 142° 12' 42", C = 105° 8' 10". 
a' = 180° - A = 50° 54' 32", 6' = 180° - B = 37° 47' 18", c' 
= 180° - c = 74° 51' 50". tan i (s + s') : tan J (a' + 6') 
: : tan I (a' — V) : tan ^ (s — 5') . s > /. log tan ^ (s — s') 
= a. c. log tan i (s + s') + log tan J (a' 4- &') + log tan J 
(a' - 6') - 10 = 9.166914. .-. i (s- s') = 8° 21' 18". s = 
i (s + /) + J (s - «') = 45° 47' 13". «' = i (s + .s') -i 
(s - s'y = 29° 4' 37". cos B' = tan s' cot a'. ^B' < 90°. log 
cos B' = logtans+ log cota' — 10 = 9.921712. .-. B' = 33° 
22' 45". sin B'c' D = sin 8 -^ sin a'. B' C' D' < 90°. log 
sin B'c'D=log sin « — log sina'4- 10=9.965427. .-. B'c'D 
= 67° 26' 24". cos A' = tan i/ cot b'. A' < 90°. log cos A' 
=log tan«' -h log cot 6'-10=9.855628. .-. A'=44° 10' 40". 
sin A' C 'D = sin s' -i- sin b\ A' C' D < 90°. log sin a' c' D 
= log sins' - log sin&' + 10 = 9.899341. .-. A'c'D = 52° 
27' 42". C' = B' C' D + A'C' D = 1 19° 55' 6". a = 180° - 
A' = 135° 49' 20", b = 180° - B' = 146° 37' 15", c = 180° - 
C' = 60° 4' 54". 

6. a = 68° 46' 2", b = 37° 10', C = 43° 37' 38". sinp = 
sin b sin C. p< 90°. log sin p = log sin b -f log sin C — 10 
= 9.619947. .-. p = 24° 38' 2". tan C D = cos C -*- cot 6. 
C D < 90°. log tan C D = log cos C - log cot & -h 10 = 
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9.739398. .•. C D=28° 45' 25". cot C A D = cos & -s- cot C. 

C A D < 90°. log cot C A O = log cos 6 — log cot C + 10 = 

9.880550. .-. C A D = 52** 46' 55". Check, sin j^ = tan C D 

cot C A D, or log sinp = log tan CD 
-f 1<^ cot C A D — 10. D B = a — 
C D = 40° 0' 37". cos c = cos p 
cos D B. c< 90. log cos c = log 
008 |j + log COS DB— 10=9.842748. 
. •. c = 45° 52' 31". cot B = sin D B 
-*■ tan p. B < 90°. log cot B = 
log sin DB — log tan p -f 10 = 
10.146772. .-. B = 35° 29' 51". 
cot B A D = sin p -h tan D B. BAD 

<90°. log cot BAD=sIogsinjo— log tan OB-f 10=9.695976. 

Check, cos c = cot B cot B A o, or log cos c = log cot 6 + log 

cot BAD — 10. A = CAD + BAD= 112° 22' 29". 

7. a = 40° 16', b = 47° 44', A = 52° 34'. sin p = sin 6 
sin A. p< 90°. log sin p = log sin b + log sin A — 10 = . 
9.769099. .-. p = 35° 59' 19". Two solutions, tan A D = 
cos A -H cot 6. AD<90°. log 
tan A D = log cos A — log cot 6 -|- 10 
= 9.825288. .-. A D = 33° 46' 25". 

* 

cot A C D = COB b -^ cot A. AC D 
< 90°. log cot AC D = log cosd — 
log cot A-f 10=9.943811. .-. ACD 
= 48° 41' 46". Check. sm|) = taa 
AD cot ACD, or log sin p = log 
tan A D -f log cot A C D — 10. 

sin B = sin p -^ sincu. B < 90^, 
> 90°. log sin B = log sin p — log sin a + 10 = 9.958634. 
.-. B = 65° 23' 16", and 114° 36' 44". cos BC D = tan p 
cot a. B C D < 90^. log cos B C D = log tan p + log cot a 
— 10 = 9.933164. .-. B C O = 30° 58^ 42". cos B D = cos a 
-s- cos p. B D < 90°. log cos B D = log cos a — log cos p 
-h 10 = 9.974580. .-. B D = 19° 25' 53". Check, cos B C O 
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= COS B D sin B, or log cos B C D s= log cos B + log sin B 

- 10. C = A C D ± BC D = 79^ 40' 28 ', and 17° 43' 4''. 
c = A D ± B D = 53M2' 18", and 14^ 20' 32". There is but 
one solution when a is intermediate between p and either b 
or 180° -^ b; none when a is beyond these. 

S. a = 62° 38', b = 10° 13' 19", C = 150° 24' 12". sin p 
= sin 6 sin C. p< 90°. log Binp =s= log sin b -f log sin C 

- 10 = 8.942737. .-. p = 174° 
58' 18". tan C D = cos C -^ cot6. 
C D> 90°. log tan C O = log cos 
C - log cot & -h 10 = 9.195334. 
.-. CD = 171° 5' 20". cot CAD 
= cos 6 -5- cot C. C A D > 90°. 
log cot C A D = log cos b — log 
cot C + 10 = 9.747402. .-. CAD 
= 119° 12' 17". Check, sin p = 
tan CD cot CAD, or log sinjp = ^* 

log tan C D + log cot C A D — 10. D B = C D — a = 108° 27' 
20". cosc=cos|) cosBD. c<90°. log cos c = log cosjp 
+ log cos BD -- 10 = 9.498793. .-. c = 71° 37' 5". cot 
A B D = sin B D -^ tan p. A B D >- 90°. 1<^ cot A B D = log 
sin B D - log tsLup-^ 10 = 11.032651. .-. B = 5° 17' 58". 
cot B A" D = sin J9 -h tan B D. B A D >- 90°. log cot B A D = 
log sin p — 1<^ tan B D + 10 =« 8.466136. .-. B A D = 91° 
40' 32". Check, cose = cot A B D cot B A D, or log cos c = 
log cot A B D + log cot B A D — 10. A = C A D — B A D = 
27° 31' 45". 

9. For projection, see Fig. 40. a = 56° 40', b = 83° 13', 
c = 114° 30'. tan | (s + s') : tan ^ (a + 6) :: tan i (a^b) 

m 

: tan ^ (s — s'). 8< s\ log tan ^ (« — s') = a. c. log tan 
i (s + s') + log tan i (a -h b) + log tan | (a — 6) — 10 = 
9.618703. .-. I (s - s') = 22° 34' 9". « = ^ (s + s') - 
1(5 - s') = 34° 40' 51". s' = i (s + «0 + i («-«') = 79° 
49' 9". cos B = tan « cot a. B < 90°. log cos B = log 
tan« + log cot a - 10 = 9.658102. .-. B = 62° 55' 44". 
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sin B C D =: sin 5 -h sin a. B C D < 90°. log sin B C D = 
log sins — log sin a + 10 = 9.833176. .-. BC D = 42° 55' 
32''. cos A = tan s' cot 6. A < 90°. log cos A = log tan s' 
+ log cot 6 - 10 = 9.821091. .-. A = 48° 31' 16". sin 
A C D = sin s' -^ sin 6. A C D < 90°. log sin A C D = log 
sin / — log sin 6 -f 10 = 9.996159. .-. AC D == 82° 23' 24". 
C = ACD + BCD = 125° 18' 56". 

10. A = 50° 12^, B = 58° 8', a = 62° 42'. sin p = sin a 
sin B. p< 90°. log sin p = log sin a + log sin B — 10 = 
9.877765. .-. p = 48° 59' 52". Two solutions, tan B D = 
cos B -f- cot a. B D < 90°. log tan B D = log cos B — log 
cot a + 10 = 10.009822. .-. B D = 45° 38' 52". cot B C D 
= cos a -H cot B. B C D < 90°. log cot B C D = log cos a — 
log cot B -h 10 = 9.867943. .-. B C D=53° 34' 48". Check. 
sin p = tan B D cot BCD, or log sin p = log tan B D + log 
cot BCD- 10. sin b = sm p-i- sin A. b< 90°, > 90°. 
log sin b = log sinp — log sin A -f 10 = 9.992243. .-. b = 
79° 12' 10", and 100° 47' 50". sin A C D = cos A -s- cos p. 
A C D < 90°, >90°. log sin A C D = log cos A — log cos p + 
10 = 9.989292. .-. ACD = 77° 19' 43", and 102° 40' 17". 
sin A D = tan p cot A. A D < 90°, > 90°. log sin A D = log 
tan p -f log cot A - 10 = 9.981535. .-. A D = 73° 24' 37", 
and 106° 35' 23". 

Check, sin A D = sin b sin ACD, or log sin A D = log sin b 
+ log sin A C D — 10. C = B C D -h A C D = 130° 54' 31", 
and 156° 15' 5". c = B D + A D = 119° 3' 29", and 152° 14' 
15". There is but one solution, when A is intermediate be- 
tween p and either B or 180° — B ; none when A is beyond 
these. 

11, 12, and 13 are impossible. 

14. a = 115° 20' 10", b = 57° 30' 6", A = 126° 37' 30". 
sin p = sin b sin A. j9> 90°. log sin p = log sin b + log 
sin A - 10 = 9.830513. .-. p = 137° 23' 58". One solution, 
tan A D = cos A -i- cot ft. A D > 90°. log tan A D = log 
cos A - log cot 6 -h 10 = 9.971506. .-. A D = 136° 52' 42". 
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cot A C D = COS b -5- cot A. A C D > 90°. log cot A C D = 
log COS b — log cot A -I- 10 == 9.859007. .-. AC D = 125° 
51' 31". Check, sin p = tan A D cot AC D, or log sin p = 
log tan A D + log cot A C D — 10. sin C B D = sin p -^ sin a, 
C B D >90°. log sin C B D = log sin p — log sin a + 10 = 
9.874434. .-. B = 48° 29' 48". cos B D = cos a -^ cosp. 
B D < 90°. log cos B D = log cos a — log cos p -{- 10 = 
9.764439. .-, BD = 54° 27' 16". cosBCD = tani> cot a. 
B C D < 90°. log cos B c D = log tan p + log cot a — 10 = 
9.638874. .-. B C D = 64° 11' 25". Check, cos B C D = cos 
B D sin C B D, or log cos B C D = log cos B D -f log sin C B D 
— 10. C = A C D — B C D = 61° 40' 6". c = A D — B D = 
82° 25' 26". 

15. A = 109° 55' 42", B = 116° 38' 33", C = 120° 43' 37". 
a' = 180° - A = 70° 4' 18", 6' = 180° ~- B = 63° 21' 27", c' 
= 180° - C = 59° 16' 23". tan ^ (s + s') : tan i {V -|- c') 
:: tan ^ {V — c') : tan ^ (s — s'). s^s^ log tan ^ (s— s') 
= a. c. log tan ^ (s + s') -|- log tan J (J/ -f- c') + log tan ^ 
(&' - c') - 10 = 8.968264. .-. ^ (s - s') = 5° 18' 38". s = 

i (s + O +* («-0 =40° .20' 47". /= 1 (s + s') -i 
(s - s') = 29° 43' 31". cos B' = tan s' cot c'. B'< 90°. log 
cos B' = log tan s' -|- log cot c — 10 = 9.530691. .-. b' = 70° 
9' 38". sin B' A' D = sin s' -5- sin c'. B' A' D < 90°. log sin 
B' A'D = log sin s' — log sin c' -f- 10 = 9.761040. .-. b'a'd 
= 35° 13' 38". cos C' = tan 8 cot b\ C'< 90°. log cos C' 
= log tans -I- log cot 6' - 10 = 9.629576. .-. C' = 74° 46' 
32". sin C' A' D = sin s -i- sin b'. C' A' D < 90°. log sin 
C'A'D = log sins - log sin 6' + 10 = 9.859927. .-. C'a'D 
= 46° 24' 42". A' = B' A' D + C' A'D = 81° 38' 20". a = 
180° - A' = 98° 21' 40", b = 180° - B' = 109° 50' 22", c = 
180° -C'= 115° 13' 28". 

16. Impossible. 

17. a = 50° 45' 20", b = 69° 12' 40", A= 44° 22' 10". 
sin p = sin 6 sin A. p< 90°. log sin p = log sin b -\- log 
sin A - 10 = 9.815415. .-. 2>=40° 49' 31". Two solutions. 
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tan A D = C09 A -^ cot 6. A D< 90*. log tan A O = log cos A 

- log cot b +10 = 10.274837. .-. A D = 62*^ V 40". cot 

A C D = cos & -^ cot A. ACD < 90°. log COt AC D = log 

cos b — log cot A -f 10 =x 9.540577. .-. AC D = 70° 51' 11". 

CJieck, sin p = tan a D cot* a C D, 
or log sin ^ = log tan a D -f log cot 
AC D — 10. sin B = sin p -i- sin a. 
B < 90% > 90% log sin B = log 
sinp — 1<^ sin a + 10 = 9.926419. 
.-. Br=57° 34' 61", and 122° 25' 
9". cos B o «= cos a -«- cos p. b D 
< 90°. log cos B D t= log cos a — 
log cos ;>+ 10 = 9.922223. .-. BD 
Fig. 32 «. « 33° 16' 35". cos B C D = tan p 

cot a. B C D< 90**. log cos B C D = log tan p + log cot a 

-10 = 9.848641. .-. B C D = 45° 6' 40". Check, cos BCD 

= cos B D sin B, or log cos B C D = log cos B D -f log sin B — 

10. c = AD ± BD= 95° 18' 15", and 28° 45' 5". C = ACD 

± BCD = 115° 57' 51", and 25° 44' 31". 
18. b = 99° 40' 48", c = 100° 49' 30", A = 65° 33' 10". 

sin ^ = sin 6 sin A. p< 90°. log sin p = log sin b + log 

sin A - 10 = 9.952977. .-. p = 

63° 48' 57". tan A D=cos A-hcot b. 

A D > 90°. log tan A D = log cos A 

- log cot 6 -h 10 = 10.384935. 
.-. AD= 112° 23' 58". cot ACD 
= cos ft -5- cot A. AC D> 90°. log 

cot A C D = log COS b — log cot A + 

10 = 9.568042. .-. ACD = 110° 

17' 51". Check, sin |) = tan AD 

cot ACD, or log sin p = log tan A D 

-I- log cot AC D — 10. B D = A D — c = 11** 34' 28". cos a 

= cos p cos B D. a < 90°. log cos a = log cos p -f log cos 

B D - 10 = 9.635771. .-. o = 64° 23' 14". cot c B D = sin 

BD-r-taup. CBD< 90°. log cot C B D ss log sin B D — log 
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tan p -f 10 = 8.994135. .•. C B D = 84° 21' 56". cot B C D 
= sin |> -f- tan B D. B C D < 90**. log cot B C D = log sin p 
- log tan B D -h 10 = 10.641636. .-. BC D = 12* 51' 22". 
Check, cos a = cot BCD cot C B D, or log cos a = log cot 
B C D -I- log cot C B D — 10. B = 180° — C B O » 95° 38' 4". 
C = ACD — BCD = 97° 26' 29". 

19. A = 48° 30', B = 125° 20', C == 62° 54'. a' = 180° - 
A = 131° 30', b' = 180° - B = 54° 40', c' = 180° - C = 117° 6'. 
tan J (s-f s') : tan | (a' 4-6') :: tan | (a'— 6') : tan ^ (s— «'). 
s < s'. log tan i (s — s') = a. c. log tan i (s -{- s') + log 
tan i (a' + b') + log tan J (a' - V) - 10 = 10.954459. 
... 1 (s - /) = 83° 39' 47". 5 = J (s + /) - 1^ (5 - s') = 
25° 6' 47". 5'== J (s -h O -f i (s - s') = 1^2° 12' 47". 
cos D B' C' = tan s cot a'. D B' c' > 90°. log cos D B' C' = 
log tan s + log cot a' - 10 = 9.617714. .-. B' = 65° 30' 3". 
sin D C' B' = sin s -h sin a'. D C' B' < 90°. log sin D C' b' = 
log sin s - log sin a' + 10 = 9.753326. .-. D C'b' = 34° 31' 
5". cos A' = tan »' cot b\ A' > 90°. log cos A' = log tan s' 
+ log cot 6' - 10 = 9.740071. . .-. A' = 123° 20' 30". sin 
D C' A' = sin s' -^ sin 6'. D C' A' > 90°. log sin D C' A' = log 
sin s' ~ log sin 6' + 10 = 9.875683. .-. DC'A' = 131° 10'. 
C' = D C' A' - D C' B' = 96° 47' 55". a = 180° ^ A' = 56° 39' 
30", 6=180° -.B'=114° 29' 57". c=180°~C'=83° 12' 5". 

20. C = 54°15'3", B=40°18'13",a=70°30'30". c'=180° 
-C=125° 44' 57", 6' =180°-B =139° 41' 47", A'=180°^rt 
= 109° 29' 30". sin p = sin 6' sin A'. p> 90°. log sin p = 
log sin 6' + log sin a' - 10 = 9.785164. .-. p = 142° 25' 
38". tan A' D = cos A' -i- cot 6'. A' D < 90°. log tan A' D = 
log cos A' - log cot 6' -f 10 = 9.451 800. . •. A' D = 15° 48' 7". 
cot a'C'D = cos 6' -5- cot A'. A'C'D < 90°. log cot A'c'D 
=log cos 6'- log cot A' 4- 10=10.333364. .-. a'c'D = 24° 
53' 50". Check, sin p = tan A'd cot A'C'D, or log sin p = 
log tan A'D + log cot A'c'd -10. D B' = c' - a'd = 109° 56' 
50". cos c(f = cos p cos D B'. a' < 90°. log cos af = log cos p 
+ log cos D B' - 10 = 9.431994. .-. a' = 74° 18' 45". cot B' 
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= sin D B' -J- tan p. B'> 90°. log cot B' = log sin D b' -- 
log tan p + 10 = 10.087009. .-. B' = 140° 42' 5". cot 
D C' B' = sin p -h tan D B'. D C' B' > 90°. log cot D c' B' = 
log sin 2? — log tan D B' + 10 = 9.344984. .-. D C'b' = 102° 
28' 43". Check, cos of = cot B' cot D c'b', or log cos a = 
log cot B' + log cot D c'b' — 10. C' = A'c'D -I- B'c'D = 
127° 22' 33". A = 180° - a' = 105° 41' 15", b = 180° - B' 
= 39° 17' 55", c = 180° - C' = 52° 37' 27". 

21. The perpendicular and side opposite are so nearly 
equal that no satisfactor}' projection can be made. A = 47° 
54' 21", c = 61° 4' 56", a = 40° 31' 20". sinp = sin c sin A. 
p < 90°. log sin p = log sin c+ log sin A — 10 = 9.812594. 
,'. p = 40° 30' 20". Two solutions, tan A D= cos A -=- cot c. 
A D<90°. log tan A D=log cos A— log cot c-f 10=10.084021. 
.-. AD = 50° 30'29". cot ABD = cosc-J-cot A. ABD<90°. 
log cot ABD = log cos c — log cot A + 10 = 9.728572. 
.-. A B D = 61"^ 50' 29". Check, sin p = tan A D cot A B D, 
or log sin p = log tan A D + log cot A B D — 10. sin C = 
sin p -h sin a. C > 90°, < 90°. log sin C = log sin p — log 
sin a -I- 10 = 9.999852. .-. C = 88° 30' 17", and 91° 29' 
43". cos DC — cos a -h cos p. D C < 90°. log cos D C = 
log cos a — log cos ;> + 10 = 9.999892. .-. D C = 1° 16' 
40". cos D B C = tan p cot a. D B C < 90°. log cos D B C 
= log tan p + log cot a — 10 = 9.999744. .-. D B C = 1° 
58'. Check, cos D B C = cos DC sin C, or log cos D B C = 
log cos D C + log sin C — 10. 6 = A D ± D C = 51° 47' 9", 
and 49° 13' 49". B = A B D ± D B C = 63° 48' 29", and 59° 
52' 29". 

22. Impossible. 
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AREA OP SPHERICAL TRIANGLES. 

Page 108, 155. 

420 4 4 

2. K = S-7t = ^n-7r = l7r. % x 10^ = 418.88. 

3. K = 8-.;r = ||^7r-7r = ^;r. ^tt x 32=21.9912. 

loU 9 9 

Page MO, 156. 
2. a = 70° 14' 20'', b = 49° 24' 10", c = 38° 46' 10". tan 

i K = Vtan J s tan (i s — i a) tan (i s — i &) tan (i 5— ^ c) . 
log tan J K = ^ |log tan J s + log tan (i s — i a) + log tan 
(i « - i ^) + log tan (J s - 1 c) I - 10 = 8.901648. .-. J K 

= 4° 33' 32", K = 18° 14' 8" = 18°.2356. Area = ."^'^^^^ 
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x|x 4^ = 5.1-. 



PRACTICAL APPLICATIONS. 
Page 110, Prob. 1. 

1. Let b = co-latitude of Alexandria = 58° 47', c = co- 
latitude of Berlin = 37° 28' 47", A = difference in longitude 
= 16° 31' 8". tan q) = tan b cos A. log tan g) = log tan b 
-\- log cos A — 10 = 10.199208. .-. qp = 57° 42' 10". cos a 

cos (c — cp) cos 6 , - , . , , , 

= ^^ ■^ . log cos a = log cos (c — (jp) -I- log cos b 

+ a. c. log cos g) - 10 = 9.959134. .-. a = 24° 28' 4" = 

24°.4678-. In miles, a = ^^^|^— X 24°.4678- = 1692. 

2. Let c = co-latitude of Valparaiso = 56° 58', A = differ- 

• 1 '.A A^o.n^ 1 ,1 ^ -3840 X 180° 
ence m longitude = 48 17 , a = length of arc = — ^— r 

= 55°.53154 = 55° 31' 54". tan qp = tan c cos A. log tan (jp = 
log tan c + log cos A - 10 = 10.010044. .-. g) = 45° 39' 4o". 
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, COS op COS a 1 , , , , 

cos 9 = . log cos qf = log cos qp -f- log cos a-j-a,c. 

cos c 

log cos c - 10 = 9.860684. .-. cp' = 43° 28' 59". 6 = 9 -f 
9' = Sr 8' 44". .-. the latitude is 90° - 6 = 51' 16" S. 

3. Let c = co-latitude of Rio Janeiro = 67° 6', b = co- 
latitude of her final position = 140°, a = length of arc = 
5624.4 X 180° ^ gjo ggg^ ^ gjo go' i^. sin ^ A = 



3962 X 7t 



4 



sin (1 5 — 6) sin (^ » — c) 

■ - " « ' ■ ■ II I, 

sin& sine 

log sin ^ A = I |log sin (i « — 6) -f log sin (^ « — c) + 
a. c. log sin 6 + a. c. log sin cj = 9.541564. .•. ^ A = 20° 
21' 51", A = 40° 43' 52". Longitude = 42° 45' - 40° 43' 52" 
= 2° 1' 18" W. 

Page 112, Prob. 2. ^ 

2. Let a = co-latitude = 49° 39', b = co-declination of 
sun = 93° 20 , c = co-altitude = 53° 48 . sin | C = 



4 



sin (^ « — a) sin (^ « — &) 



sin a sin& 

log sin i C = I Jlog sin (^ « - a) + log sin (| 5 - 6) + 
a. c. log sin a -f a. c. log sin b\ = 9.470055. .-. ^ C = 17° 
10' 1", C = 34° 20' 2", which reduced to time gives 2h. 17 m. 
208. before noon, or 9h. 42m. 40s. a.m. 

3. a = 111° 2', 6 = 71° 28', c =r 49° 52'. log sin ^ C = 
9.426750. .-. i C = 15° 29' 40", C = 80° 59' 20", which 
reduced to time gives 2h. 3 m. 57 8. p.m. 

Page 113, Prob. 8. 

2. sin C L = tan lat tan dec. log sin C L = log tan lat 
-r log tan dec - 10 = 9.825896. .-. C L = 42° 2' 45", which 
reduced to time gives 2h. 48m. lis. before 6 o'clock, or 3^. 
11m. 49 s. A.M. 

3. Similarly, 1(^ sin CL = 9.736709. .-. CL = 83°3'5", 
which reduced to time gives 2^. 12 m. 12<. after 6 o^clock, 
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or 8^. 12m. 125. a.m., as the time of sunrise. From this 
we see that the da3MS 2 (12^.— 8^. 12m. 128.), or 7/i. 35m. 
36 s. long. 

4. Similarly, log sin C L = 9.595970. .-. CL = 23° 13' 
49", which reduced to time gives 1^. 32 m. 55 s. before 6 
o'clock, as the time of sunrise. From this we see that the 
day is 2 (6/i. + 1^. 32m. 55d.), or 15^. 5m. 50s. long. 



THE END. 



OLNEY'S SERIES OF ARITHMETICS. 

A hall Common School Course in Two Books. 

OLNEY'S PRIMARY ARITHMETIC, - 

OLNEY'S ELEMENTS OF ARITHMETIC. 

A few of the characteristic features of the Primary Arithmc 
tic are : 

/. oidapinbilify to use in our Primfiry Schools— furnishing models of exer 
cises on every topic, suited to class exercises and to pupils' work in their seats. 

2, It is based upon a thorough analysis of the child-micd and of the ele^ 
ments of the Science of Numbers. 
3* Simplicity of plan and naturalness of treatment 

4. Hecognizes the distinction beifveen learning hofylo obtain a result 
and committing that result to memory. 

6. Js full of practical expedients, helpful both to teacher and pupil. 

6. Embodies the spirit of the ^kindergarten methods^ 

7' Is beautifully illustrated by pictures which are o^eci lessons, and 
not mere ornaments. 

The Elements of Arithmetic. 

jThis is a practical treatise on Arithmetic, furnishing in one book of 308 
pages a;, che arithmetic compatible with a well-balanced common-^chool course, 
or necessary to a good general English education. 

2'he processes usually styled Mental Arithmetic are here assimi- 
lated and made the basis of the more formal and ntechanical methods 
called Written Arithmetic, 

Therefore, by the use of this book, from one-third to one-half the time 
usually devoted to Arithmetic in our Intermediate, Grammar, and 
Common Schools can be saved, and better results secured. 



These books will both be found entirely fresh and original in plan, and 
in mechanical execution ahead of any offered to the public. No expense has 
been spared to give to Professor Olney's Series of Mathematics a dress 
worthy of their original and valuable features, 

A Teacher's 

HAND-BOOK OF ARITHMETICAL EXERCISES, 

to accompany the ELEMENTS OF ARITHMETIC, is now ready. This book 
furnishes an exhaustless mine from which the teacher can draw for exercise 
both mental and written in class-room drill, and for extending the range ot topics 
when this is practicable. 

THE SCIENCE OF ARITHMETIC, 

The advanced book of the Series, is a full and complete course for High 
Schools, and on an entirely original plan. 

SHELDON «& COMPANY, 

KEW YORIS. 



OLNEY'S HIGHER MATHEMATICS. 



■OCCO« 



There is one feature which characterizes this series, so unique and yet -so emi- 
nently practical, that we feel desirous of calling special attention to it. It is the 
faciii(y with which the booict can be uted for Cias*es of aU Grades, 
and in SehooU of ihe widest diversify of purpose. Each volume in the 
series is so constructed that it may be used with equal ease by the youngest and 
least disciplined, and by those who in more mature years enter upon the study 
with more ample preparation. This will be seen most clearly by a reference to 
the separate yolumes. 

Introduction to Algebra 

Complete School Algebra, ...» 

University Algebra 

Test Examples in Algebra 

Elements of Geometry, Separate 

Elem^ents of Trigonometry, Separate 

Introduction to Geometry, Parti. Separate 

Geometry and Trigonometry. School Edition. ... 

Geom,etry and Trigonotnetry, without Tables of 
Logarithms. University Edition. , 

Geometry and Trigonometry, with Tables. Uni- 
versity Edition 

Tables of Logarithms, Flexible covers 

Geometry. University Edition. Parts I, II, and III. . . 

General Geometry and Calculus 

JBeUows^s Trigonometry 



There is scarcely a Ck^llege or Normal School in the 
United States that is not now using some of Prof. 01ney*s 
Mathematical -works. 

They are original and fresh^attracti've to both Teacher 
and Scholar. 

Prof. Olney has a very versatile mind, and has suc- 
ceeded to a w^onderful degree in removing the difCiculties 
in the science of Mathematics, and even making this study 
attractive to the most ordinary scholar. At the same time 
ma books are thorough and comprehensive. 

NEW YORK: 

SHELDON & COMPANY. 



TEXT-BOOK S ON GO VERNMENT. 

ALDEJrS CITIZEJrS MANVAL. 

188 Pages. 
A Texi'Book on Civil Government^ in connection with American Institutions, 
By josBPH Aldbn, D. D., LL. D., President of the State Normal School, AV* 
bany, N. Y. 

This book was prepared for the purpose of presentinfr the subjects of which it 
treats in a manner adapted to their study in Common Schools. It lias beea 
extensively adopted, ana is widely used, with mo^ gratifying results. It is intro* 
ductory to this author's larger booh. 

In connsetion with Ameriean Institutions. S9B pages. 

By Dr. Aldbn. Intended as a text-book on the Constitution of the United 
States for High Schools and Collies. This book contains in a compact form 
the facts and principles which every American citizen ought to know. It may be 
made the basis of a orief or of an extended course of Instruction, as drcumstances 
may require. 



SFELLEJR^S. 



PATTERSON'S CX>MMON SCHOOL SPELLER. 

160 Faffes. 

By CxLvm Pattbrson, Ptindpal Grammar School No. 13, Brooklyn, N. T. 
This book is divided into seven parts, and thoroughly graded. 

PATTERSON'S SPELLER AND ANALYZER, 

176 Pages. 

Designed for the use of higher classes in schools and academies. 

This Speller contains a carefully selected list of over 6jOoo words, which em» 
brace all such as a graduate of an advanced class should know how to spcU. 
Words seldom if ever used have been carefully excluded. The book teaches as 
much of the derivati<»i and formation of words as can be learned in the time al- 
lotted to Spelling. 

PATTERSON'S BLANK EXERCISE BOOK. 
For Written Spelling. Small size. Bound in stiif paper oovtSB. 

40 Pas«s. 

PATTERSON'S BLANK EXERCISE BOOK. 

7or Written Spelling. Large size. Bound in board covers. 

72 



Each of these Exerdse Books is ruled^ nnmhered^ and otherwise arranged to 
eorresfond with the Spellers. Each book contains directions by which written 
gxerctses in Spelling may be reduced to a system. 

There is also an Appendix ^ for Correoted Words^ which Is in a convenient form 
for reviews. 

Sy the use of these ^lank Exercise Sooksa clous 0/ four hundred may ^ 
in thirty minutes^ spell fifty words each^ making a total 0/ 90,000 words^ and 
carefully criticise and correct the lesson : each student thereby receiving the 
henifit of filing the entire lesson and correcting mistakes. 



ENGLI SH LITERA TURE. 

SHAW'S NEW HISTORY OF ENGLISH AND AMERICAN LIT- 
ERATURE 

AOA Pages. 

Prepftred on the basis of Shaw's '^ Manual of English Literature/' by Trumam 
J. Backus, of Vassar College, in iargey dear fype, and especially arranged 
for teaching this sul^ect in Academies and High Schools, with copious references 
k) " The Choice Specimens of English and American Literature." It contains a 
map of Britain at the close of the sixth century, showing the distribution of its 
Celtic and Teutonic population ; also diagrams intended to aid the student in 
remembering important classiEcations of authors. 

CHOICE SPECIMENS OF AMERICAN LITERATURE AND 

LITERARY READER. 

B18 Pages. 

Selected from the worlcs of American authors throughout the country, and 
designed as a tezt-boolc, as well as Literary Reader in advanced schools. By 
Bbmj. N. Martim, D. D., L. H. D. 

DK. FRANCIS WAYLAND'S 

V-A. Xj XJ -A. B L E3 SER.! 



INTELLECTUAL PHILOSOPHY ^Elements of). 

426 Pages. 
By Francis Wayland, late President of Brown Uniyersity. 
This work is a standard text-book in Colleges and High Schools. 

THE ELEMENTS OF MORAL SCIENCE 

By Francis Wayland, D. D., PresideDt of Brown University, and Professor of 

Moral Philosophy. 

Fiftieth Thousand. 12mo, cloth, 

•^* This work has been highly commended by Reviewers, Teachers, and 
others, and has been adopted as a class-book in most of the collegiate, theologi- 
cal, and academical institutions of the country. 

ELEMENTS OF POLITICAL ECONOMY. 

By Francis Wayland, D. D., President of Brown University. 

Twenty-sixth Thousand. 12mo, cloth, 

♦»• This important work of Dr. Wayland's is fast taking the ptace of ever^ 
other text-booK on the subject of Political Economy In our colleges and highes 
schools in all parts of the country. 

We publish Abridged Editions of both the Mot^l Saienee and t^oHHcd 
Meonomy^ for the use of Schools and Academies. 

SHELDON & COMPANY. 

NEW YO^K 



DR. JOSEPH HAVEN'S 

VALUABLE TEXT-BOOKS. 

Dr. Haven's text-books are the outgrowth of his long experience 
«s a teacher. Prof. Park, of And over, says of his Mental Philos* 
OPHY : " It is distinguished for its clearness of style, perspicuity of 
method, candor of spirit, accuracy and comprehensiveness of 
thought." 
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MENTAL PHILOSOPHY. 

1 vol. 12mo. $2.00. 
INCLUDING THE INTELLECT, THE SENaSILITIES, AND THE WILL. 

It fs believed this work will be found pre-eminently distinguished for the com- 
^leteness with which it presents the whole subject 

MORAL PHILOSOPHY. 

/NCLUDING THEORETICAL AND PRACTICAL ETHICS. 
Royal 12mo, cloth, embossed. $1.73. 

HISTORY OF ANCIENT AND MODERN PHILOSOPHY. 

Price $2.00. 



Dr. Haven was a very able man and a very clear thinker. He was for many 
years a professor in Amherst College, and also in Chicago University. He pos- 
sessed the happy faculty of stating the most abstract truth in an attractive and 
interesting form. His work on " Intellectual Philosophy " has probably had 
and is having to-day a larger sale than any similar text-book ever published in 
this country. 

From GEORGE WOODS, LL. D., President Western University of Pennsylvania. 

Gentlemen : Dr. Haven's History of Ancient and Modem Philosophy sup- 
plies a great want. It gives such information on the subject as many stu- 
dents and men, who have not time fully to examine a complete history, need. 
The material is selected with good judgment, and the work is written in the au- 
thor's attractive style. I shall recommend its use in this department of study. 

From HOWARD CROSBY, D. D., LL. D., Chancellor of University of Hew York. 

Messrs. Sheldon & Co. have just issued a very comprehensive and yet brief 
survey of the History of Philosophic Thought, prepared by the late Dr. Joseph 
Haven. It is well fitted for a college text-book. 

Its divisions are logical, its sketch of each form of philosophy clear and dis- 
criminating, and its style as readable as so condensed a work ' an be. I know 
0/ no compendium which ffive9 the bird* 9 -eye view of the history of 
philosophy as thoroughly as this hand-book ofDr, Haven ^ 

SHELDON & COMPANY, 

NEW YORK. 



VALUABLE COLLEGE TEXT-BOOKS. 
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KENDRICK'S XENOPHON'S ANABASIS. 



533 

Comprising^ the whole work, with Kiepert*s Revised Map of the Route of the 
Ttn Thousand^ IntroductioOf full though brief Notes, and complete Vocabulary, 
by A. C. Kbnbsick, D. D., LL. D., Rochester University. 

BULLIONS'S 

LATIN-ENGLISH AND ENGLISH-LATIN DICTIONARY. 

(1,358 pages.) This book has peculiar advantages in the distinctness of the 
marks of tlie quantities of Syllables, the Etymology and Composition of Words, 
Classification of Syllables, Sjmonyms, and Proper Names, and a judicious 
Abridgment of Quotations. For cheapness and utility it is unequalled. 

LONG'S ATLAS OF CLASSICAL GEOGRAPHY. 

This Atlas, by Georgb Long, M. A., late Fellow of Trinity College, Cam. 
bridge, contains fifty-two Maps and Plans, finely engraved and neatly colored; 
with a Sketch of Classical Geography, and a full Index of Places. The maps^ 
showing the ideas which the ancients liad of the world at various intervals fi-om 
Homer to Ptolemy, and the typographical plans of ancient places, battles, 
marches, will be of interest and advantage ; and the Atlas will be of great help 
to Haaoir'jii studcuts, and in libraries of reference. 

BAIRD'S CLASSICAL MANUAL 

(900 pages.) This is a student's hand-book, presenting, in a oondse form, an 
epitome of Ancient Geography, the Mythology, Antiquities, and Chronology of 
the Greeks and Romans. 

FJOOKER'S NEW PHYSIOLOGY. 

376 



Revised, corrected, and put into the most perfect form for text-book use, by J. 
A. Sbwall, M. D„ of the Illinois State Normal University. 

This JVe^ Physiology has been JVenfly jEleciro^ped m laige-sized type, 
using the hlnek-faeed type to bring out prominently the leading ideas. It 
contains a full series of Quesiions at the end of the book, and a complete 
Glossary and Index, 

IJOPKINS'S LECTURES ON JjORAL SCIENCE. 

Delivered before the Lowell Institute, Boston, by Mark Hopkins, D. D., Pre»' 
^tnt of Williams College. 

Boyal 12x110, doth. 
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Sheldon d: Company's Text'Sooks. 

Hill's Elements of Rhetoric and Composition 

By D. J. Hill, A.M., President Lewisburg University, aathoi 
of the Science of Rhetoric. Beginning with the selection of a 
theme, this book conducts the learner through every process 
of composition, including the accumulation of material, its 
arrangement, the choice of words, the construction of sentences, 
the variation of expression, the use of figures, the formation of 
paragraphs, the preparation of manuscript, and the criticism of 
the completed composition. 

HiWs Science of JRhetoric 

An introduction to the Laws of Effective Discourse. By 
D. J. Hn^L. A.M., President of the University at Lewisburg. 
12mo, 300 pages. 

This is a thoroughly scientific work on Rhetoric for advanced 
classes. 

Intellectual Philosophy (Eleioentb of). 426 pages 

By Francis Wayland, late President of Brown Univer- 
sity. 

Uie Elements of Moral Science 

By Frakcis WaHiAND, P.D., President of Brown Univer- 
sity, and Professor of Moral Philosophy. Fiftieth thousand* 
12mo, cloth. 

Eletnents of Political Economy 

By Francis Wayland, D.D., late President of Brown Uni- 
versity. 12mo, cloth, 403 pages. 

Recast by Aarok L. Chafin, D.D., President of Beloit 
College. 

No text-book on the subject has gained such general accept- 
ance, and been so extensively and continuously used, as Dr. 
Wayland's. Dr. Chapin has had chiefly in mind the toants of 
the doss-roam, as suggested by an experience of many years. 
His aim has been to give in full and proportioned, yet clear 
and compact statement, the elements of this important branch 
of science, in their latest aspects and applications. 
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Sheldon d: Company^s Text'Sooks. 

Mental Philosophy, 1 vol. 12mo 

Including the Intellect, the Sensibilities, and the Will. By 
Joseph Haven, Professor of Intellectual and Moral Pl4]i>r 
ophy, Chicago University. 

It is believed this work will be found pre-eminently distlngaislied for 
the completeness with which it presents the whole subject. 

Moral Philosophy. 

Including Theoretical and Practical Ethics. By Joseph 
Haven, D.D., late Professor of Moral and Intellectual Philos- 
ophy in Chicago University. Royal 12mo, cloth, embossed. 

History of Ancient and Modeim Philosophy* 

By Prof. Joseph Haven, D.D. 

The preparation of this work ran parallel with the studies which filled 
the life of the author, and its completion and reyislon for publication was 
his last work. 

Burritt^s Geography of the Heavens. 852 pp. 

BurritVs Celestial Atlas. Large quarto. 
By Prof. Htuam Mattison, A. M., and Elijah H. Bubkitt, A. M. 

The popularity of these standard text-books is shown by its sale of more 
than 800,000 copies. Burritt's Geography of the Heavens, as revised by Prof. 
Mattison, is one Af the most usefhl and successfhl school books ever published. 

BULLIONS'S LATIN DIOTIONART. 

JBvlllons^s Lati/n Lexicon (now complete). The cheapest and 
best Latin-English and English-Latin Lexicon published. 1 vol. 
royal octavo, about 1400 pagea 

We recently published a copious and critical Latin-English Dictionary, for 
the use of schools, etc., abridged and re-arranged from Riddle's Latin-English 
Lexicon, founded on the German-Latin Dictionaries of Dr. Wm. Preund and 
others, by Rev. P. Bullions, D.D., author of the series of Grammars, English, 
Latin, and Greek, on the same plan, etc., etc., to which we have now added an 
English-Latin Dictionary, making together the mopt usefhl and convenient, at 
the same time the cheapest Latin Lexicon published. 





